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I 2 ST of the Treatiſes of 8 Tri- 
I gonometry, that have been hitherto 
3 publiſhed, contain only directions for ſolving 
1 en Triangles / Logarithmically } by pro- 


portions ; and none, that I know of, hath 
united the different ſolutions whereof Pro- 
blems in this -part of the Mathematics are 
ſuſceptible. —- Now, with a very little at- 
tention to the nature of the ſubject, it will 
appear that 1 ſolutions may be of three 
kinds, viz. 19, ſuch as reſpect Analogies (of 
which kind — thoſe given in all the com- 
mop Treatiſes of { ſpherical Trigonometry); 

„ ſuch as are obtained by the ſcale and 
_ paſs from Projections or ede Con- 
Atructions, and 30, ſuch as are deduced from 
projections by the application of Algebra; 
all -which will be treated of at large in. the 
following Work. 

In the firſt Chapter I have laid down the 
definitions and fundamental principles of 
ines, cofanes, tangents, cotangents, &c. in a 
great variety of particular formulæ, as well 
as infinite ſeries. I have likewiſe inſerted a a 
ſhort Theory upon the true nature of Inagi- 
naries (ſince they haye been frequently uſed. 
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vi E. | 
in ſeries relative to the different powers of 
nes and co/ines of multiple arcs), and, from 
an attempt to diſcover the Factors of the bi- 
nomial aa + 55, have eaſily inferred, that 
theſe expreſſions are only ſigns of an abſurd 
| ſuppoſition into which we neceſſarily fall, 
whenever we regard that as the product of 
two quantities which in reality is not. But, 
for what I have ſaid upon this head, I ac- 
knowledge myſelf indebted to the late inge- 
nious, and much regretted, Mr. Boiſelou. 
some may perhaps conſider this part of 
the Work as a diſplay of algebraical formulæ, 
enge uſeleſs in a Treatiſe of Trigonome- 
however, from ſuch I ſhall take the li- 
5 of requeſting a fuſpenſion of judgment, 
at leaſt till they have undertaken the ſtudy 
of the different works of calculation relative 
to the theory of Newton : for Aſtronomy is 
become ſo excellent and delicate a ſcience, 
that it is impoſſible to have too many helps 
for facilitating the calculations it requires, 
and perfecting the ſeveral parts upon which 
it depends ; ; and for thoſe Gentlemen, who 
have no intention of ſtudying this ſubject 
thoroughly, a peruſal of the five or fix firſt 
Theorems may be ſufficient. 
In the ſecond Chapter I have demonſtrated . 
the principal properties of ſpherical trian- 
_ gles ; premiſing, in the firſt of the four Sec- 
tions into which this Chapter is divided, the 


neceſſary definitions, &c.— The ſecond Sec- 
111 : | | 0 tion 
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FER E FCA TE, © a 
tion treats of the reſolution of right-angled 
ſpherical triangles ; and, as this part is of al- 
moſt perpetual uſe, I have attempted to give 
it the greateſt ſimplicity whereof it can be 
ſuſceptible ; for every Theorem requires only 
a ſingle analogy for its demonſtration: andy 
to enable the memory ſtill more to retain the 
different ſolutions, I have added a demon- 


ſtration of the general Theorem of Neper, 


which reduces the fixteen caſes of right- 
angled triangles to two, and requires only 


the bare enumeration of theſe caſes to be ve- 


rified. —The third Section contains the re- 
ſolution of all the caſes of oblique-angled 
ſpherical triangles. Herein I have inſerted 4 
Theorem analogous to the Theorem of Neper 
for right-angled triangles, and the ſame with 
that which Mr. Pimgre hath given in the 
Memoirs of the Academy, except for a few tri- 


fling alterations, which I thought neceſſary 


to be made in order to render it ſomewhat 
more ſimple. I have likewiſe ſuperadded to 


the ſolutions already given, for the caſe of 
three ſides or three angles, ſeveral others 


which I take to be new; and which, when 
applied to right-lined triangles, furniſh us 


with ſolutions much more eaſy and compen- 
dious than any to be met with in common 
Treatiſes upon Trigonometry.——In the laſt 

Section complete demonſtrations of the fa- 
mous Analogies or Theorems of Neper (which 
have been conſiderably mutilated and altered 


Ing:.-: 


ple. 


in the Courſe of Mr. Wolf} are given; and 


ſuch as carry along with them ſeveral other 
Theorems equally general, whereof Mr. 
Stmpſon hath ſpecified only particular caſes. 
To this Section I have annexed three Tables 


| containing the ſubſtance of the whole Work, 


at leaſt as far as the more ordinary practice 
extends, and have expreſſed them in words 
inſtead of letters, that miſapprehenſions and 
miſtakes in calculations might be avoided as 
much as poſſible. The firſt Table is for the 
reſolutions of right-angled ſpherical triangles, 
and the ſecond and third for thoſe of oblique- 
angled ones; but the laſt is, by means of 


the analogies of Neper, equally applicable to 


right-lined triangles, and may moreover have 
this advantage attending it; that, on account 
of the perfect reſemblance prevailing between 
the ſolutions of fimilar caſes of theſe two 
kinds of triangles, a perſon, previouſly ac- 


quainted with the proportions for plain tri- 


angles, may learn the principal parts of ſphe- 


rical Trigonometry in a quarter of an hour. 
——As this Chapter contains all that is eſ- 


ſential and neceſlary to the reſolution of ſphe- 


rical triangles, they, who would make them | 


ſelves maiters of this part of Trigonometry 


only, may paſs from hence immediately to 


the ſixth Chapter, in order to ſee the method 
of putting its formulæ into Logarithms. 


'The third Chapter contains. the Geome- 


trical or Graphical ſolutions of the different 
0 caſes 
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caſes that had been before ſolved by analo- 
gies. J have, in preference to the reſt, made 
uſe of the orthographic projections, whereof 
Aſtronomers ſuppole at every inſtant a com- 
plete theory: however, I have ſaid ſome» 
thing upon the H ereographic projections alſo, 
on account of the great and frequent uſe 
which is made of them in Maps; and have, 


laſtly, ſubjoined a new ſolution eaſily appli- 


cable to the ſeveral caſes before ſpecified, 
and deduced from the expanſion of the parts 
of the triangle under conſideration. 

The fourth Chapter contains an applica- 
tion of the Algebraical analyſis to the Geo- 
metrical conſtructions in the preceding Chap- 


ter. In this part it is that, by the help of 


calculation, the ſolutions for all particular 
caſes are (if I may be allowed the expreſſion) 


| exhauſted. Moſt of the analogies of the ſe- 


cond Chapter are deduced from general caſes. 
in this by ſimple inferences : a variety of new 


formulæ is added to thoſe that, had been be- 


fore given; and the apparent difference be- 
tween the ſynthetic and analytic ſolutions for - 
the ſame caſes perfectly reconciled. And, 
that nothing might be wanting, I have ſhewn 


the method of conſtructing the moſt compli- 


cated of the formulæ by the Logarithms : 


after which I have given the ſolutions of 


equations of the ſecond and third degree by 
the Tables of ines, &c. a thing that may 
prove to be of the greateſt utility, when com- 
2 ; menſurable 


PREFACE. in 


PEEFACE 
menſurable roots cannot be obtained. The 


reſolutions of equations of the third degree 


were communicated to me by a gentleman 
already well known in the world by different 
works, and yet leſs eſtimable on account of 
his profound learning than the excellence of 
his character: to him I likewiſe owe the new 


ſolution of the Problem concerning the ſhort- 


eſt twilight, inſerted in the fifth Chapter, 


Which is little more than a Tranſlation of 
that excellent Treatiſe of Mr. Cotes : De 
„ eſtimatione errorum in mixt4 Mathe/1,” con- 


taining an application of the modern analyſis 


or the calculation of Fluxions * to both plain 


and ſpherical Trigonometry. What relates 


to right-lined triangles I have deduced from 
the formulæ for ſpherical triangles, that 1 


might render the Theory as fimple as poſſi- 
ble, and abridge in fome meaſure a Work 
that was already become much longer than I 
at firſt intended : and, in the laſt place, have 
ſufficiently elucidated this Theory by the 
application of it to different examples. 

In the ſixth Chapter I have ſhewn the me- 


thod of conſtructing by the Logarithms the 


formulæ given in the ſecond Chapter; and 


* a 
— 3th 


* * 


* In this Chapter the Tranſlator has taken the liberty of 
changing the Differential method of conſideration into the 
Fluxional, and alſo of ſupplying ſuch references and compa- 


riſons as appeared to him neceſſary and conducive to the 
more ſpeedy comprehenſion of ſeveral of its parts. 
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this I have done in a ſelect collection of Aſtro⸗ 


nomical Problems, through a perſuaſion that 


ſolutions derived from triangles having ſome 


particular denominations, could not but prove 
much more intereſting to Learners, than ſuch 
as were derived from triangles abſtractedly 


- confidered. | . 


The motive which firſt induced me to un- 
dertake the writing of this Treatiſe aroſe 
from hence: Having had occaſion to teach 


the Elements of Aſtronomy of the late Abbé 


De la Caille, J found, upon a peruſal of the 
little Treatiſe of Trigonometry prefixed to 
that Work, a great number of formulæ with- 
out demonſtrations, and therefore, well Know- 
ing that Learners are generally deſirous of 
making themſelves perfect as they proceed 
in the ſtudy of Mathematical truths, I thought 
that I ſhould do them no inconſiderable piece 
of ſervice in giving them all requiſite aſſiſt- 


ance in ſuch difficulties as few would other- 


wiſe be able to. ſurpaſs. How well I have 
ſucceeded in my deſign, as alſo in the exe- 


cution of the other parts of the Work, I 


leave to the Public to determine : however, 
ſhould it be found deſerving of their encou- 
ragement, it ſhall be followed by another 
Treatiſe upon Dialling as its ſequel. Tis 


particularly in this part of the Mathematics 


that ſpherical Trigonometry is advantageouſly 
applied: for the deſcriptions of Dials by 


lines are not ſufficiently exact to deſerve any 


| Certain 


xli r . 
certain confidence; and there hath been yet 


no Treatiſe upon Dialling 1 (chat 1 
e hath been per- 


know of) wherein the who pe 
farmed by the calculation of ſpherical trian- 


gles, though ſuch method could not fail to 


prove of the utmoſt importance in the prac- 


rice, as all the different hour-angles, which 


are uſually calculated by a ſeries of plain tri- 
angles, might be then determined without 
the leaſt relation to one another. 
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ſint 


Penn H to the radius which paſſeth 


| ſuch arc or angle. - 


1 


PRINCIPLES 


OF 


8 P H k R 1 C 4 E 
TRIGONOMETRY, 


2 4 . 


EH AP. E 


Containing the Definitions and chief Properties of the 
ſeveral lines which are uſually conſidered in Trigono- 
metry ; but particularly of ſuch as we ſhall have 
more frequent et on to mention in the courſe of this 
Mork. | 


+ 


DEFINITIONS. 


Fs 1 Right line MP, drawn from one 
end of an arc AM, or angle ACM, Fig. 1. 


through the other end thereof, is called the Sine of 
2. From this definition it is evident chat Fn 


right line MAY the = of the arc BM, the 
com- 


% 


VVV 

| complement of the arc AM; bur if this line be 

conſidered with relation to the arc A M. it is called © | 
ts Co/rne. + 8 

3. A rightline AT perpendicular to the end of | 
2 radius, and terminated by the radius produced 
which paſſeth through the other end M of an arc 
AM, is called the T angent of this arc. | 

4. A right line Bf, which is the tangent of the 
arc BM, the complement of AM, when conſider- 
ed with relation to the ſaid arc AM, is called its 
Cotangent. 

5.- The line intercepted between the centre of 
the circle and the langent of an arch, is called the Se- 
cant of that arch: thus C is the ſecant of the arch | 
AM, and Ct that of the arch BM : but if the /e- 
cant'Ct be conſidered with relation to the arch 
AM, the complement of the arch BM whereunto 
it belongs, it will be called the Coſecant thereof. 
6. That part of the radius contained between 
the circumference and /ine of an arc, is called the = 4 
Verſed-fine of ſuch arc: thus AP is the ver/ed-/axe 
of the arc AM; BQ that of the arc BM]; and 2P 
and 4Q the ver od. ines of the obtuſe angles a CM, 
þCM. If the verſediſine BQ be conſidered as be- 
longing to an arc which is the com plement of AM, 
with reſpect to the ſaid arch AM, it will be called 
the Coverſed. ſene; and contrarily, AP a be the 
coverſed. ſine of the arch BM. 


COROLLARY. 


From theſe definitions it follows, that two 
angles, which are the ſupplements to each other, 
have the ſame /ine, coſine, tangent, cotangent, ſecant, coſe- 
cant, and verſed.ſincs. It mult be obſerved however, 
that the obtuſe angle has for its complement the 
angle of its exceſs above 90® ; which angle being 

evidently che ſame with that which the acute angle 
wants of g0?, muſt of cat: be regarded as 
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TRIGONOMETRY. 
ADVERTISEMENT. 

g. In all the following parts of this wofk we 

ſhall denote the radius of the circle byR orr, unleſs 


4 


we ſuppoſe 1 it equal to unity; which ought ſeldom 
to be done, that the homogeneity. of the terms in 
the calculations may be preſerved as much as poſ- 
| ſible. We ſhall alſo denote the /ne of an arch by 


fn. its cofe ne by coſ. its tangent by tang. its cotangent 


by cot. its ſecant by ſec. its coſecant by coſec. its verſed- 
7 ſue by verſchin. and its cover ſed-/ine by cover gin: but 


in the algebraical expreſſions we ſhall put the fine 
"= coffe Mme=c:; tangent t; cotangent =71 z ſecant = Sz 
coſecant =} verſed- Jine Sv, and coverſed. fi Ine =u 
TartoremM I. 
9. Let any arch of a circle, as A M, be e 
(which wwe ſhall always denote by A), , obereef PM 
is the fine, and MQ the coſine; A T the tangent, 


and Bt the cotangent; and the coſine * this arch will be 
to the fi ine, as radius is to the tangent ; AT? is, Cop. A 


: /in. A:: R: tang. A. 


DEMONSTRATION. 
The ſimilar triangles CPM and CAT give .CP 


ꝛ PM:: CA. AT; or, Cg A fu. A: R. en. A. 


2 E. D. 
Fe cee bh 18 | 

10. The triangles C QM, CB, being alſo ſimi 
lar, will give CQ: QM::CB:Bz; or, Sin, A cg. 
N, AK... Tz 


ConoLb ART: «If, 


we 
hs 2 ” 
A 

» % 
. 


* 


Fig. 1. 


0 * It; follows from hence, that rang. A = 
£7 — 4 * R, and cot. A = REY R; or algebraically, | 


fin. A 
"2 and 7 = =; and conſequently, fin. Ax 


R =o. A* tang. A, and co. A . 


* A. ĩ C.0R or- 


mm CT SPHERICAL :. 


"COROLLARY. 


* of any number of arcs are always in the inverſe ra- 


SF CF: Ky C 


F 9 


will be = . AB, or, tang. Ak als = RR; 


whence we may perceive, that the radius is a mean 
proportional between the fangen of an arch and 


lar triangles CAT), CB. 


THEOREM II. 


of the arch AM, ſo is the coſine of this arch to the 


Nn. A: cof. A: fin. 2A; or alternando, R: cof. A 
5 : 2 f. Afi. 2 A. p OW. 


DEMONSTRATION. | 
The right-angled triangles APC, AQN, having 


- 


5 


C P:: AN er 2 PA: QN ; that is to fay, R: 
of. A:: 2 fn. A . . D. £ 

If in like manner we would find an expreſſion 
for the co/ine of the double arch; the ſimilar tri- 
angles CPA, CQO, will give CA: ©P::CO: 


- 
* 1— - —— — ” ——— — — ey — — — — 
„ 
2 — — ˙˙Ä———.. . ⁵—5—⅞⅛i . ⁰˙ A ³ wm 
* — : * 
» 


EO we ſhall. have, Cot. A: cot. B: 
4: tang. B: tang. A, | ; 


| +tForAT:CA:rt:CB: 873 or, fang. A: R. R. cots 
„ Az Wherefore, tang, Ax cot, A RR. 


. 


12. Hence it again follows, that the cotongents 


tio of the tangents of theſe arcs; ſince we have evi- 


dently, + „%% min ſhort, tang. A 


that of its complement ; a thing which might like- 
wiſe be eaſily demonſtrated by means of the ſimi- 


13. Let the arch AM. be ſtill retained, and we ſhall 
Fig. 2, alſo have this Propertion , As radius is to twice the ſine 


ine of twice the arch; or, which is the ſame, R: 2 


the angle at A common, are ſimilar, and give AC 


C t from m whence, (after . for CO its value 


_ drawn 

5 5 RR | RR 

: . Or thus. Since cot. A = 8 and cot. B = _ tung. BY 
AR XR 


** rang. A " tang, B 


dr 


TRIGONOMETRY. 
drawn from C P—OP or its equal PT *), we 


. 2 A—RR_ 
1 Hall immediately get, CQ= uh 2 
- x 
I | COROLLARY. 
\ 14. It follows from hence, (viz. by taking the pro- 
duct of the extremes and means in the Proportion, 
s R: co A: : 2 fn. A: fin. 2 A, ) that, ,n. 2 A 
2 ; and if in this equation we put N 
* 2 "I N — 2 for coſ. A, we ſhall otherwiſe — En. 
* c ot. Fn. 
AA 0, fm. A 2 , by ſub- 
Kibanog for the cotangent its value i is 9 tangent. 
I THEOREM. III. 
* 15. The radius is a mean proportional, te. between 
. the coline of an arch and its ſetant ; and 2*. between the Fig- 3. 
2 | Ane of the ſame arch and its coſecant; and therefore 


we ſhall have theſe two analogies ; Cf A: R:: R: 
ec. A, and Sin. A: R:: R 


DEMONSTRATION. 


S The ſimilar triangles CPM, CAT, and CB: 
5 give ie CP< CA: CM: CT; or, A! R: 
: R: ſec. A; and 2%. PM: CM: : CB: C7; or, 
Wy, A.: R: iN e Tk. D. 


1 N onde 1 | 
2 55 That OP is =PT, may be very eafly proved : is 
le by letting fall the perpendicular PS, it will appear that 
n ſince AP = PN, therefore QS = S A, and coniequently 
. OP PT. This being granted, the Sales of CO. will 
be obtained as follows: Since the angle CAT is right, 
EH PT or OP will be equal — 5 5 = CA eee , and CO TS 
R ; - £5 
7 _ Pos CA om EE RR A L RR. 
: 9 CP | _-. Fl 


o 


120 Conor 
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Cox OoILARx 4. 


16. It follows from hence, that = = 


| A; for we have already ſeen in 24 van 1. that Zap. 
1 5 et * R; and this quantity 18 2 the preſent 


fon. A” 
fec. A 5 , we ſhall have ſec. B = R and 


ee equal to the quotient 5 A multiplied by 


* radius. 
Corortany TK 


4 It moreover follows from hence, that the 


Fnes of any two arcs A and B will be reciprocally 


proportional to the .coſecants of theſe arcs ; and the 
cgſines to their ſecants. 


RR , coſ:c. B will alſo be 55 25 | 


RR 


2 tly theſe two analogies; Coſec.A : coſec. B nn 


RR RR 


5 2 N : ſm. B: iin. A; and, 2 :ſec.B: 2 


Fig. 3. 


RR . 


TREORE N Iv. 
18. Let the arcb AM and its complement B M ve 


divided into two equal parts at the points K and k, and 


let the lines C Kl, CK L, be drawn till they meet the 
tangents AT and Bt produced, as fer as neceſſary, in 


landL; and we ſhall by this means have, 19. Sec. 


A = cot. i comp. A — lang. A, and 2. Coſec. A= 
cot. A—cot. * ' 
DEMONSTRATION. 


The right · angled triangles C Bo and C AL be- 
in ſimilar, on account of the parallels Bo and CA, 


3 will have the angles AL C, B Co, equal; but BC 


SCM, by conſtruction; wherefore the triangle 


erl. 18 5 lolecles and conſequently EI en 


but 


- 

- 15 

\ 

KR tang. X 


For fince, coſec. A = = 
; likewiſe, ſince 


bens! 55 4 


TRIGONOMETRY. 5 
bur LT= AL—AT; AL cot. : comp. A M, 


and AT = lang. AM; and therefore CI, or Sec. 


A = cot. i comp. A— tang. A - WE D. 
2 The right-angled triangles CAO and CB! 
being ſimilar, on account of the parallels CA and 


BI, will have the angles BIC and ACO equal; 
but ACO is = MCO, by conſtruction ; therefore 
the triangle C21 is iloſceles, and the coſecant CA 


but it is evident that #7 = BI - B = col. 1A | 
cot. A; and conſequently the Caſecant C t of the 
arch AM is equal to ** lame quantity. Q. E. 
20. D. | 

Tutto . | 
19. From the point M to the extremities b and a of 


tbe diameters Bb, A a, let the lines Mb, Ma, be Fig. 32 


drown, cutting the radii CA and CB in the points 


G and g; moreover let there be drawn through the 


2 M 2zhe tangent o Mx, terminated by the ra- 
d CA and CB produced, as far as neceſſary, at b and 


k, and by that means determining the lines Co and C x 


reſpectively equal to the ſecant and coſecant of the arch 
AM; then we ſhall have, 19. Sec. A = tang. A+ 
tang. * comp. A, and 2. Coſec. A = cot. A + lag. 


s As 
DEMONSTRATION. 


The angle 4 Me, which is formed: by the tangent 
Me and chord M5, is meaſured by half the arch 
MA 5 compriſed between its ſides; allo the angle 
MGs, which hath its vertex within the circum- 
ference, is meaſured by half the ſum of the arcs 
ab, A M, contained between its ſides; but 43 is 


' = Ab, and therefore the angle MG equal to the 


angle GM; conſequently the triangle GOM 1s 
iſoſceles, and Go=Mo= tang. A. Moreover, the 
angle G C, which is at the circumference, is only 
half the angle BCM, which hath its vertex at the 
centre and ſtands upon the fame arc; therefore, if 


we a the radius C & as the line total, CG wilt : 


© > 4 * 4 3 P a A 9 Woodbine ac 
: — — rr 9 - — G A 4 
* — — , — 979 oe — — 5 — 2 ” 
- = r ,, CES — 3 
A * : * = 


' — 8 


e % 


- 
_- 
, « 
— O—_ = 
3 


—— ” 
— —  _ We — An. — 
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be the tangent of half the complement of the arch 
AM; and conſequently, Sec. C = C 5 + G8 = 
tang. 1 comp. A+ tang. AF. Q. E. 1. 

2. We might prove exactly in the . manner 
that, gz= M= cot. A, and Cg = tang. 1 A 
but it is evident that C + coſec. A; and therefore 


we ſhall have, Cofec. A = cot. A + tang. 1 A. 


4b 2. D. 
COROLLARY. 
20. By comparing the two expreſſions - of the 


fecants and coſecants of the arch AM in the two 
preceding Theorems, it will follow; 19. that, cot. 4 


comp. A — tang. A = tang. I comp. A+ tang. A; 


and 2. that, cot. F A— cot. A = cot. A + tang. zA: 


-- _ conſequently we ſhall likewiſe have, 2 tang. A = 


cot. x comp. A- = z comp. A; and, 2 cot. A = 
cot. 1 tang. A; and if for. the cot. in the ſe- 


cond member of each of theſe equations there be 


ſubſtituted its value, 


2 tang. 2 comp. A 

LS + R — tang.* LA 

2 tang. a 
analogies may be eaſily deduced.: 

1. As 2 Tanz.! 2 comp. A: R'+ tang. 4 comp. A:: 

R — fang. + comp. A: lang. A; or, which is the 


ſame, 2 tang. 459 — 1 K: R fang. 459 — 1 A: 


1A: TRY. A:: R lang. : A: cot. A. 


4 Otherwiſe thus. Becauſe in the 1 triangle C 
Mo, the angle Co M is the complement of the angle o CM, 
or its equal oC B, and likewiſe the angle o C9 is the comple- 
ment of the ſame angle oCB to the right angle 0 CB; 
therefore the angles 80 C and 9 Co will be equal, and con- 
ſequently C, or Sec. AO = OMA * = tank. A + tang, 


2 comp. A. 


RR 
ang. (art. 12. ), we ſhall again 
have, tang. A=EE — rang.” — and, cot. A 


from whence the two following 


R — tang. N tang. A; and an EE 


THEORE M. 


7 


di 


On- 


_ QUE. 20. D. 


TRIGONOME TRY. 9 
THEOREM. VI. : 


21. Let there ſtill be an arch A M deſcribed with a 
radius C A,; and we ſhall have (by making the ra- 


dius unity); 10. I + 4% A=2 c K A= "Bo AxR 


tang. 4 A? 


4 and 20. 1 — co. A=2 fu. LA A S fn. A x fang. 
J +4 85 


DEMONSTRATION. 
F irſt, let there be drawn through the extremi- 


ties B ud M of the diameter AB and chord AM, | 


the chord BLM, terminated by the tangent of 
the arch AM at the point T; then let there be 


dran through the centre C the right lines CK and 


CL reſpectively parallel to the right. lines BM 
and AM ; and it is evident that AT will be twice 
the tangent, and CD or ML. or LB the cofine, of 
half the arch AM. 
This being premiſed, the ſimilar triangles BL C, 


Z BPM, will give, BC: BL:: BM: BP: : 2BL : 


BP; wherefore, B P = pooh ; that is to ſay, 1+ 


coſ. A=2 of. 2 LA, In like manner, on account 


of the ſimilar triangles CLB and APM, we ſhall 


have, CB: CL: : AM: AP; and therefore AP= 
222 , (becauſe AM= 2AD or 2 DM or 2CL); 
* 1c A= 1 fh. IA. GCE i 


2. From the ſimilar triangles APM, BAT, and 
BPM, we ſhall get theſe two proportions ; BP: 
PM: BA: AI; or, 1+cof. A. : fin. A: : 2 R: 


2 tang 4 A; and PM: AP:: AB: AT; or, n. 
 A:ii—vf. A:: 2 R: 2 fang. 1 A: therefore, 1+ 


4 « fine ANN Ju. AX tang. 2A 
coſ. A fone A and, 1 — ce. A 1 


» So 


% rice 
COROLLARY. 


» A 
It follows from hence, that = l PER = 
| $ + co). A 
3 1A — tang.* 3 A A 4 28 „ 
a e RR 3 20 KR 


and it likewiſe follows, by 8 V and v for the 


verſed-fines AP and BP of the RN AM, that 


22. 4 A c _ 
5 | Sos, v== 1 — „ „ fu. 


1A; and, = = coſe? 4 1 A.— 8 if the arch 


MG, the N of AM, be called A, we 


ſhall get from the ſimilar triangles AMP, MPB, 


and AMB, the following formulz*; R+/ mn. A= 


2 fun. +IA A; R- An. A= 2 in. 455. OY A, 
ck = 2 — Fr 4 A © 
_y R—/in. Ky An. 45%— 2x 


PROBLEM 3 


23. ty two arcs AM and AN being given, 1 to fd | 


the fine of their ſum ard difference. 


SOV TION; 


| Let the greater arc be denoted by A, and the leſs 
by B: let the ſine MP of the greater arc AM be 
PO till it meet the radius CN, which paſſes 
vg 


CIS tos. ag 


0 The proportions, from whence theſe formulæ are de- 


rived, are, AB: BM::B KN; 8 and. AB: AM:: AM 


:AP 3. or, 1K: 8 _ Ts: —42 A: RL Aa. A; 
and, 2 R: 2 fin. 459 — 5 A: R- Vn. A. 

But theſe formulæ may ys otherwite 858 155 by a ſimple 
change of the expreſſions, 1+ co/. A = 2 ch. and, 1— 
cf. A= fin. 3 A; into, 1+/in. Az ce — N= = = 2 u. 


45*+ 1 L, and, 1A. A 2 2 Fu. 459 — 1 


. wo fad jg 


1 through the extremity of the leſs arc, in the point 


right line ML, (which will be the /ze of the ſum 
of the arcs AM and AN), be ſuppoſed to be 


8 B: : of. A: n- — therefore RM 


ns NQC, RL. M. will give, NC: QC: : MR: 


ML or, R: of. B: : fm. A+ B n. 
—, _ fm. AX Bcſ.AXfn B 5 


which we have called A, and the arc AN as the 


Ye 
triangles M PO, CN. we ſhall have, Nies 


| * 5 2 e QE= 


TRIGONOMETRY. 11 


N and perpendicular to the ſame radius let the 


drawn. Then the ſimilar triangles CN, CPR, 
will give, CA:; Niere; cofe B: 


6%. B 
co. AX ſin. B 


n. AR GB : moreover, the ſimilar trian- - 


oof AX fin.B 


ATB NR K 
2. In order to find the fine of the difference of 
two arcs; we {hall now regard MN as the greater, 


leſs, which we ſhall ſtill denote by B. This being 
ſuppoſed, the ſimilar triangles CN, CLO, give, 
CO:QN: CL: LO] or, cf. B: fin. B:: of. A 


5 A n.B 
Log therefore OM = fn. ART 
coſe AX fin. B 


z : Moreover, on account of the ſimilar 


mm e 1. B 
:OM:PM; or, RC B.. A e 


PROBLEM II. . | 

-- 24. 5 Rad the coſine of the lun and Alem of rr „ 

any two arcs A and B. 1 
SOLUTION: 


The triangles CN, MPO, being fimilar, 
(fince the fides of wo one are perpendicular to 
| C 2 - thoie 


x2 . VVV : 
thoſe of the other), we ſhall have, CQ:QN:: 


MP: PO; or, ceſ. B: fn. B:: fn A. PO 4 


fin. Ax/in,B 3 s. A fu. B 


but on account of the fimilar triangles CN, 
CLO, we likewiſe have, CN: C 


| | n. AX fin. B — 

or, R. co: B:: of. A : Cop. A+B = 

r. QUE. 151. 

2. If we now regard the arc MN as A, and the 
arc ANesB; it 1s evident that CP will be the 

coſine of their difference. 


: moreover, on account of the ſi- 
co/. B 


milar triengles CQN, CPR, we ſhall have, CN: 

S C:CP; or, R:coſ.B:: coſ. A + 
fm. A X. fin. B T— AAN, BN. AX fin. B. 
23 LB 1 B = K 7 

Q. * * 0 1 | | 
| | Corotiany 1 . 

25. From the formulæ which we have inveſti- 
gated in the two laſt Problems, the following 
proportions will manifeſtly ariſe z = 
Sin. A+B : fin. A—B : : fin. AXcof. Bc. A Hin. 
B: /in. AXcof: B ceſ. A in. B, and Coſ. AB: 
coſ. A—B: : cof. A * coſ. B—fin. A iin. B: coſ. Ax 
coſ. B Lin. A x fin. B; and if the two laſt terms in 
the firſt proportion be divided by ceſ. Ax coſ. B, 
and the two laſt in the ſecond proportion by co. 
An. B; we ſhall get, (after ſubſtituting for the 
quotients their equal values in the tangents and co- 
tangents given in art,11,) theſe two analogies; 


Sin. 


© 
. * O . ( ® =” 
CE: 8 C 1 : a * . 8 . 


TRIGONOMETRY. 23 
Sin. AB: fin. A—B : : fang. A-+tang. B : Fang. 


Z A—tang. B, and Cof. ATB: wf. A—B: : cot. 


B—tang. A: cot. B+ tang. A:: cot. A—tang.B: 


cot. A+tang. B, It is ſcarcely neceſſary to 


obſerve, that theſe proportions might be written 


under the form of an equation. 


CoroLlLary II. | 
26.. Since we have, co. ATB: co. A—B: 2: 
coſ. A x coſ. B — fin. AXjin. B : cof. A xcoſ.BÞ fin. 
Au. BY; it follows, that we ſhall alſo have by 
one ſubtraction, coſ. A—B—ceo. A- 4B = 2 fin. AX 
fin. B; and by one addition, coſ. A+B + coſ. AB 
2 AN ce B.. OS > 
In like manner from the proportion, ſn. AB: 
fin. A- B: : fin. Ax coſ. B ca. Ax in. B: fin. A 
xcoſ. B—cof. Ain. Bf, we ſhall find by one 
addition and ſubtraction, that, fin. A+B+/in. A—B 
= 2 fin. A & coſ. B; and, fn. AB -n. A—B= 
2 coſ. Ax in. B; and therefore, if we collect theſe 


ſeveral expreſſions and divide them by 2, we 
ſhall get | 


tn A Xu Net res ang, 


7 of. B — B Cf. AX of. B 


. able of 4x 0 
2 | | 
fn AAB — n. A—B 


2 Te Coxor- 


1 Should any difficulty ariſe with reſpe& to the equations 
deduced from theſe analogies, it will immediately vaniſh up:n 
conſidering, that as both the antecedents and conſequents in 
cach are ee the ſum or difference of the iſt and 2d terms 
muſt neceſſarily be equal to the ſam or difference of the 3d 
and 4th, e N 


— 


„ö rens 


CoroLLary III. 
27. Hence it again follows, that if we know the 
fines and coſiaes of all the arcs below 309, we ſhall 


— 


be able to get the fines and ccν of all the arts 


above 30% to 60 by ſubtraction only; and there- 
fore, if by this method we compute the ies and 


coſines to 459, we ſhall have ail the nes and cofines 


to 90; ſince the cine of an arc below 459 is the 

of an arc as much above 45% But that the 
truth of this Corollary may be clearly apprehended, 
it muſt be obſerved, that the ſine of 300 being half the 


; BY Bp ks * | 5 £1 
chord of 60? will be equal to and therefore if we | 


make A=30®, ſm. AX ſn. B will be equal to 
R>x/in.B_co: A- B- ALB | 


4 | 2 ; 

In Bal 50 B cf. 305 FB; or, of. 30% FB 

cg. 309—B—/jn.B : from whence cf. 30 
will become known, ſince B is known by the hy- 
Potheſis, and leſs than 30. In like manner, ſince 


fon. Axcof B E ATBE In ADB ve ſhall find, cf: 


B fin. 30% +B+ im. 309—B; and, in. 209+BR = 
c. B—ſin.309%-B : therefore it is manifeſt that 


7 


lated from this Corollary.” 


the Tables of fines and cofmes may be eaſily calcu- | 


nnn IV. 


28. If we ſuppoſe the arc B ſucceſſively equal to 
A, 2 A, 3A, &c. the fine of the arc A to be al- 
ways denoted by s, and its cofine by c, and the ex- 
preſſions of the fines of multiple arcs in fines and 
cofines to be repreſented by fin. A, fin. 2A, fin. 3 A, 
An. u A, it will be eaſy to conſtruct 

Es 1 


In. 4 A 


; and conſequently, Ræx 


- 


1all 


re- 


the 
the 


che 


OS 
1 
. 

+ OE L 
3 

4 +; 

we 

* 


nd 


Sin. 4 AZ4S—85*X Vrr—s. 
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the following Tables by means of the formula in 
Prob. 1. Sin. A+B=fin. Axecof. ao 585 B. 


Sin. A A= r- cc. 


Sin. 2 A 2c Vrr cc. + 

Sin. 3 A = 4CC—IX Vrrcc. 

Sin. 4 A= dc Ac x Vrr cc. 

Sin. 5 A=16c 12 T1 Vrr—cc. f 

Sin. 6A=32 c — 32 c *+6c X Vrrcc. | 
Sin. 7 Ac - 80 ZA iN VF cc. 


Sin. 8A=128c—192c+800 Dee, 
Sc. 


O R, 


＋ Sin. A=s. 
Sin. 2 A=25 Vrr—ss. 
Sin. 3 A g— 45. 


Sin. 5 Ag 20-16% . ; 
Sin. 6A=65—325* +325 XVrr—ss. 3 


Sin. TA=75s—565þ1125*—645. 


Sin. 8 A= 85—80s*-+1925*—1285) XVrr—5s5. 


Sin 9A 9s — 12055 Feat e, 


Oc 


It is eaſy t to perceive that all the terms of theſe 


equations might be rendered homogeneous, by 
ſubſtituting therein the different powers of the 
radius or ne total, which we have not thought ne- 
ceſſary to be ſpecified. It is likewiſe evident that 
the firſt Table expreſſes the /ines of multiple arcs 


in 


* 


7 — 
r * 


+ See Maſeres's Trigonometry, 
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in co/7nes, and the ſecond in nes, of the ſimple arc. 
— But that theſe equations may have all the 
generality which ?ris poſſible to give them, we 
ſhall ſubjoin the following general formulz for 
the two Tables; obſerving, that the ſecond Table 
muſt have two general formulæ to expreſs it, ſince 


 rr—ss is found in all the terms of the even, 
As to the 


but not in thoſe of the odd, ranks. 
method of finding theſe formulæ, it is deduced 


from the conſideration of the coefficients and ex- 


ponents of the ſeveral terms. 


A. General formula for the rſt Ti able, n being « any 
number whatever. 


Sin. un A = 1 * 8 N 63 + 


2— — 1 126 42 017 


— 4 2— 5 — 
1 2 | 8 1. 2. g 
e SNK 7 — 2.9 cx. 
1, % . 


B. Firſt general formula for the ſecond 7. able, | n be- 
ing any odd number. 


„ ————_. 


„X22 —1 FE $4 ESSE g 
1. 2. 3 = Re IDS 
— —O X08 1 25 7 £ 
— s &c. 
1 1 „ „ T 
C. Second general formula = the ſame Table, n be- 
ing any even number. 


Sin. a ee nc a j gÞ þ Ke 
£ 


- Dill. 1A s— 


2. 3 5 1. * 
2. — be, 5 „ „ 08 2—2 
1. 2. g. 4+ 5 6. 7 + T 
i) x Vrr e,. 
CoroL- 


__ . 1 ON 


* 5 
* * * p 
«+ Pw- , 


# 
$4 
* 

[4 \ 
. 


To 


VL 
AY 5 


* 8 
* „* 
mg — % 


* 
i 
_ 
= 
LY M 
F 


* 
» * ; $44 : 


2 2 £ 6 
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4 


By POO 


"Congiiaky V. 


29. Moreaver, if we fill ſoppoſe apa arc B ac 
ceſlively equal to A,2A,gA;4A, &c. &c;. &c. and 
proceed in a ſimilar manner with the formula | of 
the cine of the ſum of two arcs, found in Prob. II. 
we ſhall again form the two following Tables; 
one of which expreſſes the co/ines of multiple arcs 
in ceſiues, and cf Hr in nes of the e . 
Cof. A. 2 278 
Coſ. 2 AA 1 
0 3 A4. 36. 
Coſ. 4 A=84 Scr. 
8 A= Ic 20c 3 gc. 1 
Tor 2 A=3266—484+18f—1, 
8 7 A =047—I12c5+566G—7C 
| 2 HE 
OR, 
& A =v rr—SsS- 
Cf. 2A - 2358 +rr. 8 
Co. 3 A Ar V = | 
05 44 1 i SER 
Ceſ. S A= ICSI 1x Vrr—55. 
is . 6A - 32 +48 —18 6 +I. 
C/; 7 A==—64F803*—2459 Þ 1x4 7e. 
Ge. 


D. General formula for the 2 T able, n veg any 


number whatever. 


1 Co. nA — 2— . — — * 


0 f * N r 


4 FA 
e „ 


5 . ee, 
* ge 


Sy 0 = 


nWp  SFREMICAL | 

If the arc denoted by A be obtuſe, its co/ine 
becomes negative, and then all the formulz where- 
in the letter c is involved to odd powers, change 
their ſigns; as will likewiſe the terms of the ge- 
neral formula, when u is an odd number. 


3 the ſecond Table, n being any J 


0 number. 
Col. » 4 1 A (= nt — FE X 2—1 — 4 
— 258 &c.) x Vr<ss. | 


1. 2 
G. General formula for the ſame. 4 able, when n is 
any even number. 
7 Coſ. nA= = + 218 Tar 293 go? * 


nXn—}3 7 go 7 u 4X5 A * nb > 


1.2 | 1. 2.3 * 
nX D 7 3 = &c 
| 1. . 3 0 5 


The higher ſigns take place in the firſt W 
when u is done of the odd numbers 1, 5, 9, 13, &c. 
and the lower ſigns, when i it is one of the numbers 
„%% ö;;iĩ⏑.ẽ]. 

In like manner in the ſecond formula the higher 
ſigns prevail, when the numbers are evenly 


odd. 
$SCHOLIUM. 


30. We might now proceed to deduce from 
the foregoing ge 


important truths concerning the nature of the 
roots of equations; but fearing by this means to 
extend our Work to too great a length, we ſhall re- 
fer our readers to the works of Mr. Euler, where this 
matter is — and ä handled ; and only 


apply 


eneral formulæ, ſeveral uſeful and 


N. e. 


even; and the lower ſigns when * are evenly 


ing formule. 
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apply them to the theory of powers of the nes and 
coſines, in two Problems: the firſt of which requires, 


when © Any power of a fine or. coſine is given, to find 
its expreſſion in fines and ce/ines ef the Al arc and 
its multiples; and the ſecond (the bare ſpecification 


whereof will be ſufficient), © To expreſs the fine or 
 Cofine of any multiple arc by powers. of the fine or coſine 


of the ſunple arc.” The formulæ, which Mr. Euler 
hath given upon this theory, he deduced from 


thoſe in art. 26; but to us it appears, that they 


are much more eaſily deducible from the preced- 
Piri ME. 


31. To expreſs powers of the ſine and coſine of any 
arc by fines and cofines of this arc and its multiples. 


SOLUTION. _ 
This Problem conſiſts of two parts, one for the 


ines, and the other for the coſines ; but the formu- 


Iz, which we ſhall firſt inveſtigate, ſhall be thoſe 
which may contain the values of the powers of the 


fines; and this we ſhall do by means of the two 


laſt Tables in Corol. IV. and V. wherein the letter s 


was ſuppoſed to denote the fe of the ſimple arc. 
Now it will appear with a very little conſideration, 
that the terms of the odd ranks of the ſecond Ta- 


ble in art. 28, will give the values of the odd pow- 
ers of the letter g and-the terms of the even ranks 


in the ſecond. Table of Corollary V. thoſe of its 
even powers; after exterminating ſueh powers as 


may be found in the laſt terms. Thus from /in. 


A, we get, im A fin. A: alſo from the equa- 


tion; cf. A=—25*+ rr, we get, 2/in.* A= 


rr -c. 2 A: again, from the equation, fin. 3 A 
= 35—45?, in the ſecond Table of Corol. IV. 


D 2- we 
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20 
deduce, 4. A= 3 fn. A—fin'3A; likewiſe 


from, ceſ. 4 A=8 fin. ; —8fn.* +1, in the ſecond 
Table of Corel. V. we ſhall get, 8 ,n. A = coſ. 4 A 
＋ 8 n. A — 1 = A A—4 cf. 2 A+3, by ſub- 


fiituting for 8 5. A its value, 4rr—4 60 2 A, 


as obtained from the above equation, 2 fin.* A=rr 


—cof.-2 A: and by purſuing this proceſs, the fol- 


lowing Table will be eaſily formed. 


$3. A= in. A. 
2 Sin. Ar*—cof. 4A; 5 
4 Sin. A= 3 ſin. A An. 3 A. 
8 Sin. A=3—4 c 2 Ace 4 A. 
19 S§zu. A=10 fin. A 5 fin. 3 A+fin. 5 
32 Sin.“ A=10—15 co. 2 A+6 ce. N 
04 Sin.? A=3 5 An. A—21 fin. 3 A+7 fin. 5 Aſn. 7 A. 
128 Cin. s „„ 3 co/- 4 A—8 c Ar coy. 8A. 


| 255 u. e +3725 A 8. NAS 9A. | 


Co 


In the above Table it is it, that the odd 
powers of the fue of the arc A are all expreſſed in 
Ines, but its even powers in ceſines, of its multiple 
arcs. The law of the coefficients is likewiſe very 
obſervable, being evidently the {ame with that of 
the coefficients of a binomial raited to each of the 
powers; except that in the even powers the ab- 


ſtraẽt number, which is not multiplied by a ceſne 


of A, is only half the coefficient of the correſpond- 
ing term in the like power of the binomial. Hence 
js "_ appear, that in order to expreſs this Table 

— we © muſt neceſſanly have two general 
emule, 511: 0 me an: bat 1 10 % to at 

H: 2 1 umu for be powers of n. A 
abe n 44% ' beginning: at the WA Terms of the Table. 


\ 13 ; 


A 433? = | — * 
eke fe „N E „ln. A N 55 
r (3 ale 
fn e AG —— 4 Ae Az Ke 
f 1480 N E 2.12.8, e r IE 
Ie > A. 
| 2 1.2. 3 -. 
K. Se- 
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K. Second general formula for ti powers of the ſame 


5 | ine, when nis any even number. 


2—1 Sin" A = + coſin AF „ af. WE AS 
122 —1 2 of. 1A XA n 


„ r 1005 


32 2 Sc. ef "- 
1.2.73 Sc. a 


Each of the 8 receding formulæ hath two 

ſigns; and of theſe the upper muſt be uſed, when 

u is an odd number and equal to 4 n +15 but 52 
lower, when it is equal to 4 m— 1; mM repre; 
ſenting any number whatever. An like manner, 
the higher ſigns muſt be uſed i in the ſecond for- 
mula, when is equal to 4 , # denoting any num? 
ber at pleaſure; but the lower ſigns, when z 15 equal 
to 2 mn, and many odd number. 

32. Now in the ſecond, place, to find a firnfar 
formula for the ſucceſſive powers of the refine of 
any arc, we mult apply the firſt. Table of Corol. V. 
exactly in the ſame manner as we "2 applied 
the two laſt Tables of Carol. IV. and ca and we 


; 4 
EE ond os 


call by that means eaſily"! form the f 9 
Table; EE. | 
; | B 4 PTE WR eV J < rut 71 11141 
| Co Er n Ss 
A 4 211. t5 % It: £8 
1.2 29.1 Per 2 frog i eli :e 
VAM 
N X ; 4 42 i s &4 p & # * „ 1 + . a : 
8 C A co 
a Co 8 4 2 p 
WE. I 1 p64 1143 
3 Gal 945 th, N 
c 11 17 Ir iis ot 117 . 1. . OJ 23; 79} #13 3 F ; '} * 


Then if e 3 theſe equati- 
Naas as the firſt; or which, is the fame, take them 
alk back wartla, we all a4 enn the follow- 
ing general formula 42d nun Loo 10 H 


5 + of . I; 
* 
. 
J e "PO Ws 
. SZ £ WAR. : 
/ * - * 
: 1 ep 
* % * + 4 
3 5 bra 
WE * n 5 
1 —— — , 


22 SPHERICAL: 


E A=cſ.nAm u 1 cof. 1—2 * 


— of: 1n=4 A+ 5 cof. n—6A.. 85 


f 5 : So — — S6. © ce. 1 ogy A, or or ce, A; 


according as u is an even or odd number. 


13125 „ + SCROLIUM. 5 85 
25 Though we have already ſolved the con- 
ve 


© of the laſt Problem; yet as it will admit of | 


- Sther different ſolutions, by taking the equations 
of the Table in art. 28 and 29, backwards, and 
| ſeeking the laws of their terms, we ral likewiſe 

give theſe ſolutions. 


«< L 
4 =» 


Pn on 2 1 IV. 


34. To Jad 2 general formulæ for transforming. the 


fone or coſine of a any multiple of. an erc A, into Power's 
2 the 9 or * ine of the ſimple arc. 


SOLUTION. 


3 2 - 


"33s Bk conſiſts of ſeveral arts: for if | 


the /ine of a multiple arc be given, it is manifeſt 


that it may be expreſſed in fines or co/imes, according 


as we make uſe of the ſecond or firſt Table in 


ert.28: it is likewiſe evident, that in both theſe caſes 


different formulæ will be requiſite, according as we 
begin the ſeries by the firſt or laſt terms; and that 
in the third place, when we begin the ſeries by the laſt 
terms, the general formulæ will again be different, 
according as the number 7 is even or odd. Now if 
we ſuppoſe the ſeries to begin by the firſt terms, 
and it be required to expreſs 1 multiple ines in pow- 
ers of the cine of the fimple arc, the formula A 
in art. 28 will ſolve the Problem, whether u repre- 
ſents an even or odd number; whilſt the 450 
| | B an 


17 
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B and C in the ſame article will give the general 
values of multiple ines in powers of the ſie of the 
ſimple arc, viz. B when u is any odd number, and 
C when it is an even one: but the general formu- 
læ for expreſſing multiple fines in powers of the ſine 
of the ſimple arc, when the ſeries are ſuppoſed to 
begin by the laſt terms, remain ſtill to be obtained; 
and theſe will manifeſtly be two, one for 7 when 
even, and the other Sov 1 it when odd. „ ol 


M. General formula for rabies any multiple fc in into 
peers yn CORO a A ns an even 


& * "4 $45 * 
* *. 7 


K. 1A 2 1 = 23 IT 

= 4 2%—5 — 122 —6 x27 — 
C7. e Be en 

— T Kc. D Sad 54 ns) fi. I TT by 


\ 


* 6 


N. General formuls for W a 4 Fa | 


into powers of the Je of the fineple « arr, n . 
odd number. 


Sin. 2 KA = roy 2 gf 2 7 
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O. General kale a dui a mu 


into powers of the * of the W arc, n 
even number. 5 


oe * 
being any 
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Theſe two laſt do. are Rae Ta 22 * 
the firſt Table of Coral. V. (art. 29), by obſerv- 


ing the law of the coefficients for the terms of the 


even and odd ranks. In the firſt formula M of the 


fines, the higher ſigns muſt be taken when : is any 


of the even numbers denoted by 4 m, and n any 
number at pleaſure ; but the lower ſigns, when it 


To. 


is any of the numbers re preſented by 2 7 n, and mn 


any odd. numher.— In like manner, in the ſecond 


| forma N, the higher ſigns muſt be uſed for all 


the odd numbers denoted by An and the 
lower for thoſe repreſented by 4 m+T : „ being any 
number whatever. We ma motedver caſily 


perceivę, tliat in the third ſeries O the coſine will 


be poſitive or negative, according as u is equal to 
4 or 2.02.3, 1 being any number at pleaſure in 
the firſt caſe, and any odd one in the nd, and 
hat Jafkly, * 7 is odd, the 7ofine will be poſitive 
or negative, according as u is | equal to 4 * or 


* 


: of 


* Catel lil, fer n, en oy ods nun- 


TRIGONOMETRY. 23 


7 | 07 2 uſe of imaginary Fafors in the Sy of Sines 


and Caſines. BY 
35. All the ſeries, which we have hit herto giv- 


en, were obtained by immediate deduction from the 
two Problems concerning the ine and cofine of the 


ſum and difference of any two arcs, by ſuppoſing 
theſe arcs to be equal: but there are ſeveral other 


methods ſtill remaining whereby ſeries of a dif- 
ferent nature from the foregoing may be diſcover- 
ed; of which we ſhall however only ſubjoin that 
wherein imaginary Factors are concerned; not be- 
cauſe we deem expreſſions abſurd in themſelves to 


be preferable to others, but becauſe they may _ 
ſometimes prove peculiarly ſerviceable in the 
abridgement of calculations, and the ts. of 
e n truths. 


PROBLEM . | 
3 36. To find the Factors of the ſum of two ſrhores, ak 


- aa+bb; or, which is the ſame, to diſcover how a and 


b muſt be combined by multiplication, ſo that their OD: 


9 may 5 a aÞb b, 


SOLUTION. 


Let A and B be the e quantities 
which ought to affect the roots, à and b, of the 


ſquares, ſo. that their product may be 4 a+bb, and 


let us ſuppoſe the Factors to be, a+A b and aB-+b.. 
Then multiplying theſe two Factors together we 
ſhall get, aB + ab ABN A Sa; and 
if we compare the terms of this equation together, 8 
and ſuppoſe aa B=aa, or Abb, we ſhall find 
B and A to be each 1; from whence it is eaſily 


inferred, that if the quantities A and B are poſſi- 


ble, A muſt be equal to B, and AB=AA=BB: 
but ſince in the. ſum an ttb the term a ab is wanting, 
= | it 


 ESICAT -- | 


it neceſſarily follows that, a>+ab AB; or, ab+ab 4 


AA, or, ab+abBB, muſt beg o; that is to ſay, 
AA+1 or BB+1=0; which is impoſſible, ſince 


we have already ſeen that AA or BB=1: therefore p 


the Factors cannot have the form ſuppoſed; and 


conſequently the aſſumed quantity cannot be re- 


ſolved into Factors; or, which is the fame, is not 


a product of the quantitics @ and þ in whatever | 


manner they may be combined. However, if we 
would ſolve the equations, AA+1=0 and BB+1 
=0, notwithſtanding the abſurdity they imply, as 
before obſerved ; we ſhall have, AA or BB=—1, 


and by extracting the roots, A=+v—1, and B= | 


+/—1. Theſe expreſſions therefore, which Ge- 
ometers have called imaginary, are not any real 
quantities, but only ſigns of an abſurd ſuppoſition, 
wherein we regard that as the product of two 
quantities which in reality is not : nevertheleſs as 
theſe ſigns may have their uſe, no juſt reaſon can 
be alledged why they ſhould not be employed in 
calculations; and if fo, the imaginary Factors of 


aa+bb will be, a+ bV—1 and a—bvV—1 5 


54a vV—1 and b—avV—1, or, — 46 Ei and 
wan fraud 1. Q: E. I. 7 
LES CHO IFUNG 
37. But though we have ſaid above that 24435 
cannot be a product of the quantities à and 5, yet 
it may perhaps be aſked whether it be not poſſi- 
ble to find this ſum of the ſquares of a and þ by 


- ſeme other combination, as, a4b and a — 3. To 


try this, let each of the quantities a+þ and a—65 
be ſquared, and we ſhall get, a4 2 ab. and ag 
—2ab4þb; then let theſe ſquares be added toge- 


ther and their ſum divided by 2, and we ſhall by 


that 


— 


va 

5 
= 

"4 
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3 | that means obtain the propoſed ſam, aa+bb; 
from whence it is maniteſt that 3a is not a 


product of the quantities 24 and 4 -“, but only 


£ ; | half the ſum of their ſquares. 


We might extend this theory much farther: how- 
ever the little, which we have ſaid upon it, was in 
our opinion abſolutely neceſſary to be given, ſince 
the nature of Imaginaries hath not been clearly trea- 
ted of and explained by any Author, at leaſt by 
any that we know of, notwithſtanding they have 
been introduced into the /nes and coſines. wing 
there are certain peguliar relations found to pre- 
vail between curves of the hyperbolical and ellip- 
tical kind, and between logarithms and circu- 
lar arcs, whereof it will be ſcarcely poflible to 
form true and preciſe ideas, without calling in the 
| aſſiſtance of what hath been here faid upon hs. 
any expreſſions. | 


| CoRoLLAR 1 8 
38. It follows from hence, . if we wala find 


the i imaginary Factors of, in. AA R 
wie ſhall have, c. A+/in. Ar x coſ. Au. AV —1 


RR. In like manner, if we ſuppoſe another arc 
B, and would make uſe of imaginary Factors, we 


wall find that, 6A Lx. AV; x coſ.B Hin. BY 37 —r 


= cof. A * cf. B — ſim. A x fin. B ＋ v1 * 


"ms — — — — 


coſ. Anu. B Tn. Ax col. B coſ. ATB ＋ —1 Ax in. 
A+Bby art. 23 and 243; and that, coſ.A—fin. Ar 
x cof. B— /in. BY—r=coſAFB—vV—1X/pm. ATB. 
Alſo by a ſimilar calculation we ſhall find that, 
coſe A + I fin. A X coſ. B + VU fin, Bx 
cof. C + V—1 fin. C e of A+ BF 
ABC. : 


E 2 | > Coro | 
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' 29. Hence it again follows, that if we ſuppoſe So 
the arcs A and B to be equal, and take two Fac- _ 
co. 
tors, we ſhall have, coſ. A+ fin. A Av; =coſ 2 K. 


+ ſin. 2 AV—1: if we > take three Factors, we : Kul 
ſhallhave, 0 Am+fn.A Ar =co. zA+/m.3 * ᷣ 9 


and conſequently i in general, 64% A =. A V— — ; J Co 
gen Ain 1 AVI. 85 Fe 5 „ 
C OR 0 L LARY III. : LD 
40. From the laſt equation we ſhall get by noe + n 5 

poſition, / fn. n AV rg coſ. A An. A — —oof. nA, i. 
and alſo on account of the . Au. 1 AV 432 
co. 7 A—cof. A—fn. A V—1 : then if we add ew 
theſe two equations together and divide by 2 V—r, able 
we ſhall get the follawing expreſſion for the ef ine defin 
of any multiple arc; „ 
Sin. u nA=% xi mn PS — 7 2 A — ers, 7 
— 8 EI0E 20 —1 5 5 , „5 we { 

We might | likewiſe find that 8 1 
F Cy: AL . AVE oof: — A — | ay” 
*., ES = | ers o 
e 35 5 mear 
8 CoroLLany IV. will! 
41. Now if we raiſe each of theſe binomials to by it 
the power by the general formula, all the terms any © 
affected with Imaginaries will be found to deſtroy, radiu 
and the two following general ſeries remain; one ne 
vhereof expreſſes the / ines of multiple arcs, and «5; 
the other the n mes, ; Is 
Q. Firſt 


* * 


Q. Firſt formula. 


— 


1. 2.3 


2 2 3 8 
Ain. A — &c. 


R. Serdnd formula.” 


a? 


ie. A X fon. * 4 


12 —ů — 
I e - $=a8 
: * 8:96 HEN | 5 of Ax u. A 


; + &c. | 

; Coro L LARY V. 

= 42. If we ſuppoſe the arc A to be indefinitely 
ſmall, we ſhall have, „n. A= A, and, coſ. Ar or 1: 


| therefore that che are n A may become Act aſſign- 
able quantity, ; itſelf muſt neceſſarily become in- 


definitely great, and conſequently the products, 
au —1, 4 I * 20 fc. be reduced to the po- 


we ſhall "mth (nos fit 2 4 A, and A -), 
An. A= , = fo in. , Sc. 2 whilſt all the pow- 


coſine of any arc“. 


—— 


N Page 41. 
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ers of of. A will remain equal to unity: by which 
means the formulæ in the preceding Corollary, 
will be reduced to the two following ones, Where 
by it will be eaſy to expreſs the /ine and caſine of 
any arc in parts of that arc, or in decimals of the 
radius; that is, to calculate the natural. ine aan 7 


* See © Expoſition du Calcul Aron par Mr.! n e 
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Ein. 1 Au coſt" A* fin. A — Zin 


EEE 


Col. Au = cafe A xc. fin? A . 


| ers, u“, 1, &c. Hence if we put the arc u A: FO ö 


= 


VV e 
| . . 8 = CA 
S. Firſt formula. | _ _—_ 
8 . „„ ., 
ih. c=. (—— = — - = 
7” Jo 2+ 3 + Fs + 3.4 5 1. 2. 3 As 5 6. 7 i 3 the 
„ "=o | 3 „ 3 | 
. 5.6.7. 8.9 Se. 1 4 AL 
T. Second formula. TT 5 
C c | > 1 Fad | KA 
. . W 1. 2. 3.4 * . 4-5-6 T We l 
. | IE | 6 1 
— - Ic, | | 
1. 2. 3. 4. 5. 6. 7. 8 & | ſimi 


Theſe fomulz, it is manifeſt, will give the ne 61 
and coſine fo much the ſooner, as they converge A 
the faſter; that is, as the number of degrees, 


which the arc denoted by c contains, is the leſs. conf 
— —— There are ſome. other ſeries of a ſimilar-r << 
nature with theſe, but as they are not immediately FT £7; 
connected with the buſineſs in hand, we ſhall go EXP1 
on to PETE 7 ng gent 
5 "+ on GC 
+ en VI. | DES 
Fig. 6. 43. To find the tangent of the ſum or difference f | 
two given arcs A and B. - 5 r. 
8 2 A 4 EL 55 T7 
* SOLUTION. hoy 
Let AM and AN be the given arcs, the fan- — 2 
gents of which, AG and AL, denote by t ande; wm 
and it 1s evident that the line NT, drawn per- — 
ndicularly to the end of the radius CN, will 25 
> the tangent of the ſum of theſe arcs; which a” 
denote by T: but to find the tangent of the dif- — C. 
ference of two arcs A and B, let the arc MN EY 5 


be regarded as A, and the arc A M as B; and be c 
AL will manifeſtly be the tangent of their differ- the 
ence; which call . This being premiſed, let | 
fall the perpendiculars, AQ, GP, upon the radius 
b - C CN; 


8 — 


by making the radius equal to .. Tang. A+B 
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g EN: then on account of the ſimilar triangles, CRN, 
CA, we ſhall have, CR:RN: : CA: AQ, or, 


5 
4rr+00:9: r D: likewiſe on account of 


the ſimilar triangles, AQL, G we ſhall have, 
AL: AQ:: : GL: GP; of” 


7 0 | 
Ter dr. 140; 


= moreover, ſince CL AL:: AL: QL, 


00 
we ſhall get, L= ; and alſo from the 


: ſimilar triangles, A QL. GP L, A L: ; QL : 1 | 
5 GL: PL; or, 0 5 89 2 4% EE. and 


wMrr+60. wrr+00 
conſequently, CP, or C IL - PLS Vrr+66 — 


A <£=04 Mw by means of thyſe 


| rr +060 Vrin 
| expreſſions it will be eaſy to find that of the fan- 


gent NT: for becauſe of the fimilar triangles, 


'GEP, ONT, we ſhall have, CP:PG::CN: 


— 9 . nr 
TE; r +00. "Ur +00 


NT 3 or al gebraically, 


; . 


18 


=T= tang. AFB; whence we deduce; 


— fang. A + tang. B 
rast. Axrang. B Ne 7 hs I. 7 


2. In order to obtain the tangent. of the e differ 
ence of the arcs A and B, let the laſt equation, T= 


r1X6+, be reſumed, and one of the tangents 8 or t 


7 — b 

be conſidered as unknown; and we ſhall get by 
e 

the common n rules of Algebra, tor 7 =O, 
that 


7” — _— 
24 7 5 ; 
: * 4 


„ ³ 
that is, by making the radius s equal to unity, or 


rang. A— Yang. B 
Tang. 4 * -B= — fxeage* Q.E. 29 1. 


SCHOLIUM. 


44. We might have found the ſame reſults with- 
out any geometrical conſtruction by means of the 
formulz already given, as follows. Let S be put 
| for the ſecant of A, and 5s for that of B: then by 
5 the known properties of Ines, coſmes, tangents ne 


4s we ſhall have; fin. * = a and, coſe A = 
J =; | 1. B=- — and col; B ==; wth values be- 
ing ſubſtituted i in thofe of, fin. AER and of. A+B, 


we ſhall get, fn. A B= =, and, ſin. ADB 


2 8 | 2 
2 ; co. AFB= . 7 , and, co. A 


fo mh A A, me s pes 


oF; 


8 5. 


== e; and therefore, ſince Fang. = 2 
S | of. ? 


we ſhall find as Bb tang. A + e Wi — — T +: 


ITT 


— ie Tonk 
and, tang. AB * 


| CoroLLARY I. 
35. Tang. A A B x tang A — B 
| \ 
| tang. A+ tang. B X tang. A — tang. . B Nr. 1 we 

Tr — tang. AX tang, BXrro+tange AX tang. 8... 


tang. * — 142 BN f : + 0 
page, 2 75 . 1 B* Sa} | n 


0 5 em . © y 


1 . „ * Rex. te 

1446 "If one of the angles be 452, we ſhall have, = 3. 
tang. A = + 1+ tang-AXr 3 e : 

. W 45% 1 —tang. * | tang. 459 A” $. 


becauſe 


or 


Simpſon's 3 ap 56. 
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becauſe the radius is (by arr. 12) a mean proporti- 
onal between tang. 45% +A and tang. 459 —A* 


from whence it follows, that if we calculate the 
tangents of all the arcs below 459, we ſhall get the 


tangents of all the arcs above 452, by ſimple divi- 


ſions ; and, if we compute the logarithms of the 


ſame tangents, we ſhall likewiſe get the logarithms of 
the tangents of all the arcs above 459, by ſubtract- 


ing the logarithms of the tangents below 45 from 
double the logarithm of the fine total ——This 
Corollary therefore ſhews an eaſy. method of con- 


ſtructing the Tables of natural and artificial tan- 


gents. 
ci III. 


47. Whilſt the arcs A and B continue ſuch, 
that their ſum is leſs than 90, the expreſſion of 
tang. A will be poſitive: if we ſuppoſe tang. A 
x tang. B to be = rr, (which happens when theſe 
arcs are the complements to each other), the deno- 


minator then becomes nothing, and conſequently 
the tangent infinite; but when tang. AX tang: B is 


greater than vr, (which is the caſe when the ſaid 


arcs taken together conſtitute an arc greater than 


90%, the expreſſion of the tangent then becomes 
negative, and of conſequence muſt be taken in an 


e ſenſe f. 


Cox oL IL AAT IV. 


48. If we ſuppoſe the ares A and B to bach 


and i imagine a ſeries of arcs, A, 2A, 3A, 4 A, &c. 
multiples of the firſt ; it will be ealy to form the 


8 Table of their angents Trapp: the formu- 


5 — i * 12 - — — — 


* 7 * 


aw 1 —— 


I See Malen s Elements of of Trigonometry, p. 78, 6 Ke. or, 


FE: 2. 


3 SPHERICAL 


a. Tans A —r*Xtarng. Ar fang. 1 4 pon, 
| 4 T . += r. —tang. Axtang.B 5 by always re- 


garding the tangent laſt found as tang. A, and 


making B equal to the ſimple a arc A, whereof we 


ſeek the multiples, 


2. A. A : 

T, ang 52 — : 

Tang. 3 A — 
g. 4 AS fe 


3 —.— TiO ZT +T5 
io T3-h5 Te 


Tong. 5A 


„ * 


And from deb it will likewiſe be eaſy to deduce 


the following general formula, by obſerving the 
law of the coefficients for any multiple Arc, and 
making the radius equal to _ | 


TAE + o- 8 
” T_ n x1 Ar: 4 = e er r- -. 
SL I. 2. 3 TOY 5 5 
— T2 ＋. r T“ -E. 
5 1. 2. 3. 4 


But in order to abridge this formula, (as well 


as all thoſe which have been hitherto given), 
we may obſerve, that every ſucceeding coefficient 
contains that of the term which precedes it; and 


therefore, if the coefficients of the numerator be 
repreſented by the indeterminate letters, A, B, C, 
D, &c. and thoſe of the denominator by, a, g, 7, J, 

&c. the foregoing formula may be £32000 thus; 


— — — —— — — eee 


n ee +B. * 7 wie —— 
| 1c n—1 12. —3 +. 1 —4.— 5 6 & 
1 | "4: 22" Xx" T*-Fa 3. —< 'T B. 4 'T + 0. 


. ” | 1 


© 
FT. <A 
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49. If we would expreſs the tangents of multiple 


arcs by beginning at the higheſt terms or higheſt 


powers of T, we ſhall readily perceive, that two 


general ſeries or formulæ will be requiſite ; the 


one for odd numbers, and the other for even ones 
and that, fince the higheſt odd powers are alternate- 
ly poſitive and negative, the multiple tangent muſt 
have the two ſigns + prefixed to it. 


Firſt formula for n when odd. 
+ Tang. u A = | 


| be „ W 22 ow. 
r -r Ae er ee. 


11 . NS 
e eee e „ * 
2.3 "GY > <Y 


Second formula for n when any even number. 


Tang. n A= 
1 1. T3 LB. T g. 
| 3 8 4.5 
17 — E 9 ST.wy &. 


30. If we would have the cota ggents concerned 


in the expreſſions of the tangents of multiple arcs, 
we have nothing more to do, than to ſubſtitute cot. 


in the place of I. after which, it will be eaſy to 


change the preceding Table into the following one 


S 


for the cotangents of multiple arcs. 


F 2. . 


a6 SPHERICAL: 
Cot. A=cot. A. | 


bor. A—tang. A 
est. Az tang. A 
| Tn 3 Az Jr fang. A 


"© —C 32 tang-A + tang. A 
41 —4 fang. A 


| = cot. A—10 r* tang. A+5 fangs. A 
Cot. 5 AZ 5r*—10 fang. Atang*. A 


Cat 6 Az cot. A—Is rng. A1 gr rang? A—tang.* A 
ED 1 6r*—207> tang . A Gang. A 


And in general we ſhall have; 


—— > — —ä 


bang. A— &c. 


wa T ies. 4 
— — — — 


1—1. 7 —2 | Is 
2 bang. Ag. lang · AK. 


by making the radius equal to unity; becauſe by 


3 the radius, two ſeries would be neceſſary 
or the cotangents of multiple arcs, according as » 


ſhould be an even or odd number. | 

51. The two laſt general formulæ might likewiſe, 
it is manifeſt, be applied to the cotangents of multi- 
ple arcs, by beginning at the terms of the „ 
powers, ſince the coefficients are always the ſame. 
We may alſo make uſe of them, to transform the 


powers of tangents into tangents of the ſimple arc 
and its multiples: thus, if we ſuppoſe, T, IT, T“, &c. 


to denote the tangents of multiple arcs, we ſhall ca- 


fily obtain the following Table by ſimple ſubſtitu- 


= 
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1 Le -E: -T. 
T3 — | 1 


rr 2.2 
172 | 7 TTY & 
| Ec. 


£OoR OEL AKRY; 


52. It follows from hence, that in order to obtain 
all the tangeuts from 09 to 9go9?, it will be ſufficient 
to find them to 3o*: for if any arc leſs than 30 

be called B; and we have, A=30%—B; we ſhall 
alſo have, 2 A=60*—2 B, and, cot. 2 A=tang. 
30*+2B; and therefore, on account of the formula 
(art. 20), cot. 2A = cot. A— tang. A, we ſhall get, 
tang. 30 T B=+ cot. 30 —-B—1 fang. 30 -B: from 
whence it eaſily appears, how the calculation of the 
Tables of tangents may be as much ſhertened, as 


we have already ſhewn that the calculation of thoſe 
of the /ines and coſines might be. . 


FIRST Sen 
53. By the formulæ, which we have given in the 
preceding general ſeries, we may not only find the 
fines, cafines, tangents and colangents of multiple arcs, 

but alſo the fine, coſine, Sc. of any ſubmultiple arc 
or angle in any relation whatever; but then, it is 
manifeſt, we ſhall have equations of different di- 
menſions concerned; which, when is a whole or 
commenſurable number, will be always finite, and 
admit of eaſy ſolutions by means of the Tables of 
/nes, &c. For example, if we would divide an 
arc into three or five equal parts, by means of its 
Ane or coſine, we need only make, /in. n Ara, and, 
_tf.n AS; s=x, and, c =y; and the * 
| an 


\ 


© PRERICAL 


B and D will give the following equations, 4* — 


gr*x+ar* =o, and, 4 y*—2 r*y—br* = 0. 2 
like manner, ſuppoſing ſtill 3; tang. 1 A 
and, cot. 1 Ad; tang.A=2, and, cot. A =; he 


formulæ in art. 48 and 50 give, 2*— 32? — gr'z 


Tc o, and, u —3 du*—2r*u+r*d=0o: from 

whence it follows, that the triſection of an angle 

always produces an equation of three dimenſions, 
in whatever manner its ſolution be Apes. 


SECOND SCHOLIUM. 
54. But, that we may be able to form clear ideas 


of the changes whereof the preceding formulz are 


ſuſceptible with regard to the ſigns ; let us.conceive 


a a radius CA to remain fixed, whilſt a moveable ra- 
dius C M, by deſcribing the circumference AB a b 


A, gives the ſeveral arcs AM, Am, Ay, Sc. and 


it will appear, by taking tlie point A for the com- 


mon origin of all theſe arcs, as well as of their :ay- 
gents, that all the poſſible changes relating to the 
Anes, coſines, tangents and cotangents, are reduced to 
the 3 

The fine of the naſcent arc wah o for its 
limit, and its co/ine equal to radius; ; therefore, ſince 


tang. === , we ſhall have tang. =o, and cot. 
20. The fine increaſes, and coſine decreaſes, — 


o to 90®; therefore the fang. increaſes, and cot. 


decreaſes, poſitively. 30. At go?, n. R, and 
coſ. So; therefore tang. = o, and cot. o. 49. 
From this point to 1809, the /ine always decreaſes 


poſitively, and the co/ine n negatively; there- 


fore the aug. decreaſes, and cot. increaſes, negatively. 


5. At 180 /n. = o, and coſ. -R; therefore tang. 


o, and cot. — O. 69. After 180” „the ine in- 


creaſes, and coſine decreaſes, negatively; therefore 


che * increaſes, and cot. decreaſes, poſitively. 
"HE 8 
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* At 2709. , fin. =—R), and cof. = O 3 therefore | 


tang. = — O, and cf. = O0. 89, Laſtly, after 
- $90") the /ine decreaſes negatively, and the coſine 


increaſes poſitively ; therefore, the tang. decreaſes 


and cot. increaſes, negatively. to 360, u where the 


whole becomes as in art. 1. 


As in trigono- 


metrical calculations only right, obtuſe, or acute 


angles are made uſe of, all the conſiderations of the 
ſigns are reduc'd to inquire in what cates the for- 


mulæ, which we have given, indicate an obtuſe or 


acute angle: and this is very ſimple; for according 


to our ſuppoſitions, Whenever the expreſſion of a 
coſine or cotangent is found to be negative, we are 


then to regard the angle, to which thele ſigns be- 


long, as obtuſe. 


: £1 


| Preparation to the fallowing ” beorems, 


- 55. Let PE be the arc which we N dead 
A, and PB that which we have called B. From the 


7 


point B let there be drawn the lines BK and BH 


reſpectively perpendicular to the lines DE and CP. 

Moreover, having drawn the lines BE and BO to 
the extremities of the chord EO, let fall upon theſe 
lines the perpendiculars CT and CR, terminated by 


by Fig. 8. 


the tangent RB T. This onſtructton being per⸗ 


fectly underſtood, it will appear; 10 that, the arc 


BO=A+B; 22 that, BE = A—B; 3% that, KO 
=ſin. A Hin. B; * that, K Efe. An. B; 50 


that, K M ca. B Te A; 8 65 that, K B=cof. N 


coſe A; 79 that, BT bang. d TAFEB, 80 3 80 that, BR 
Stang. A B; 9“ that, AL n. AB 10. 100 


that, CL coſ. AAB; 115 that, BE=ſm.FA—ZB; 


12“ that. ,CF=cſ-FA—H B; 139 that, OM=2 CF 


* cof.. iB (for the are MO=MN +NO; 


but 


40 SPHERICAE”C 
but, NO=1 809—A, and, MN = B; therefore 
MO 


An. 90 90*—FAHB; and conſequently, MO= | 


2 co. 1B); and 14” that, in like manner, ME | 
So much being 


=2 CL=2 of. KT IB. 
remiſed, the following Theorems will be obtained 
and underſtood without any anculry.” = 


T's min VII. 


56. Sup] ing all things as in the eee con- 
e that "we fel have; 1“ Sin. A Hin. B 


=2/in. e AAB, and 2* Sin. An. 


=2 fo. TA BNC. IAB. 725 


DEMONSTRATION. 


The right · angled triangles, MK O, - CLA, are 
manifeſtly ſimilar, ſince the angle at M in the for- 


mer is equal to that at C in the latter; and there- 
fore: we ſhall have, OK: OM: : AL: AC; of, 
by ſubſtituting for theſe” lines their expreſſions 1 in 
fines and cofines, Sin, A An. B: 2 co.. "EAIB : : ſim. 
IAB: R; from whence, by making the radius 
equal to unity, the firſt. part. of the T heorem 1s de- 
duced. Q. E. 19. D. 

20. On account of the ſimilar ktianggles, EEB, 
CLA, we ſhall alſo have, 1 EB: :CL: CA; 
or, Sim. A—fin. B: 2 fin. AAB 4% ATB; 
R; from whence we deduce the ſecond, part of 

the Theorem. Q. E. 28. D. 


nnr VIII. 


57. Len moreover, that we ſhall have the two following | 
equations ; 1 CY Ace B= 2 coſ. FA+IBXeof. | 


IA—IB ; 20 Co, Bo. A=2 fin. b * Au. 
D E- 


FA—EB. 


1] 


th 


are 
for- 
1ere- 
d or, 
IS in 
JA 
dius 


] de- 


2 ny HT pens 


a B—oſ A 2% . A 2 B X hin. A 2 
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DEMONSTRATION. 


The ſame ſimilar. triangles, MKO, CLA and 
EKB, give yet the two following analogies ; MK 
: MO ::: CL: CA, and; BE , AL 5 Cy 


| which, by ſubſtituting the particular value of each 


term, will be thus expreſſed : Co/. A + cf. B: 
2 cf. TA — B : coſ. E AFEB: R, and, Cof. B 
— cof. A: 2 fm. A 1B: : in. ATB. R: 


from whence are immediately deduced the two 
equations which were required to be demonſtrated. 


 _Corotilanry I. 
58. Hence, it is manifeſt that, we ſhall get, 
fin. A + fin. B 2 ſin- ALB XcoſLA—EB fang. ALB 
in. A — An. T6 2 co. FA+EB x en TAB kargen AI 
=tang. A +EBX cot. 24 — A—EB, * ſubſtituting 
tang. for — Sc. 


Cn big 
Sin. A + fin.B _ 20%. EN co: FA = IB 
50. Alſo, — 
59 * cofe A + B 2 cof, FA + IB x coſe 5 8 
= tang. A T B, by expunging "”" quantities 
25 | 


that deſtroy, and putting /ang. for 


Cox oLLAR N III. 


in. A — An. B 
e 


60. We ſhall moreover find that, 
2 ch. \ A+EB x fon. $A—3B 


fin. A — fin. B 2 of IA FTI Pb F 


S 


& 


42 S FH AHA 
T i. | +l A 
FAFED, and that, » A 
2 cof. A B x . Aw 4B —zB . A +2B 
2 in. 1 A ＋ B x ſn. B tang. 14 — 2B 
ATB & cot. A—EB. | 


Go A . 


. We might likewiſe find by ſimple ſubſtitu- 
tions (though 1 more immediately from what hath 
been demonſtrated in art. 13, R: c. A:: 2 fin. 


3A : fin. A, by We + B), that, = = = 


LETTER aſe A FE , and alſo that, 2B . — 
5 =I% = co. A — B 
3 in. 3 A+} B* 
_= — 2 /in.* FAT. 
deduce from the different ſimilar triangles, which 
occur in fig. 8, a great number of other properties 


Moreover, we ON yet 


| beſides thoſe we have here ſpecified ; as the for- 


mulʒæ which are given in art. 26, for inſtance; but 
| What we have already ſhewn will, we preſume, be 
quite ſufficient for pointing out the method of ob- 


taining ſuch properties as we may at any time 


chance to have occaſion for; and therefore it only 


now remains, that we make ſome applications of 


the preceding formulæ to 1 


5 co. 1 A: . 1A: Jin. A, we ſhall have, 


R* Z:co6 SAOorR® — /in* 4A; nn, A: e. A or 


R* — ce. A; and therefore, R. — R* x ceſ A=4R*X 
Vin. 4 A—4fin* 3 A, or, R*X wf.* A=R*— 4R* x 


fin 1A +4/in+ A : whence, R x co,. A R* — 2 ff.: : 


, or, pagan rs bl 3 eg and 
conſequently, . N ee 


—— 


/. A - 3 R. — 2/in* LA — £B* 


0 


. 


th — een <a am DB == 


-— 


r had 1 
* 
—— 


cr 


we Lan 


- WwW's WV} Writ Wow? 
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Uſe of ſome of the preceding Formule in the Lo- 
garithms. i. . 


62. The formulæ, An. Ain. B= in. LA+IBX 
coſ. LA—+B and /in. A—fin. B=2cof. A＋ Ein. 


LTA—ZB furniſh us with the means of obtaining 
the logarithms of the ſum and difference of two 


given quantities. An example or two will con- 
vey a ſufficiently clear idea of the method of ope- 
ration. i - 

ExaMPLE I. 


63. Let the numbers 8467 and 8635 be propo- 
| fed, and let it be required to find, from the formu- 
la, fin. A+/in. B=2/in. ABN cos. LA—+B, the 
logarithm of their ſum ; which it is imagined can- 


not be found amongſt thoſe of the Tables. (The. 


proceſs would be exactly fimilar with reſpe& to any 


two other numbers, even though they ſhould con- 


tain fractions, provided their particular logarithms 


were given.) Now the firſt thing to be performed, 
in this example, is to obtain the values of the an- 


gles A and B; and to do this, I add 6 to each of 


the characteriſtics of the propoſed numbers (that 


1 may be able to find the ſaid angles in the Tables 


of the logarithms of the ines, becauſe theſe loga- 
rithms have no characteriſtic below 7 or above 9); 
and I thereby get 1 + ͤÿ„ 


9.927730 lag. 8467 lag. fin. 37 51' 16" ; 
and of conſequence deduce, LA+ZB=; go 46 5 9”, 


and 1A — 4B=09 55 43”. 


G 2 b This 


„ ᷣͤ HL : 


This done, I, in the ieee 
next place, ſeek the 9.93207 fe 


A+TIB. 


wm} 


logarithms of the 9.9 99 94318. cof. * N 


fine of the firſt of 28 K. 2 

the laſt angles, and 20. 2330460 
that of the co/ine of 4 233046 log. 17 102. 
the latter of them, 5 


and to the ſum of theſe logarithms add the loga- | 
rithm of the number 2 ; then from this ſum I ſub- 
tract 10 +6, or 16 (on account of the radius 


which divides, and the fix units that were before 
added to the characteriſtics), and find that the 
logarithm of 17102 1s equal to the remainder, 
4.233046. 8 


Ex AMP LE II. 


e The ſame formulæ might likewiſe be made 


uſe of in order to conſtruct by. the logarithms an 


expreſſion more complicated than the preceding; 


„ 1 1 | 
ſuch as, for inſtance, this, rx — „ : where- 


in I ſhall ſuppoſe » to repreſent the ſine total; that 


A is a number whoſe logarithm =4.054723 ; that 


the logarithm of 2 = 3.108354, and that of þ= 


3.876870; and conſequently that the logarithms 


of the quantities, A*, a and 5 the doubles of 
theſe. Thus much being ſuppoſed, I firſt regard 
the logarithms of A? and a* as thoſe of the ines 
of two angles, whoſe ſum is to be found : then I 
add unity to each of their characteriſtics (that I may 


be enabled to find their logarithms amongſt thoſe 


of the fines), and, having found the angles corre- 


ſponding to the reſulting ſums, perform the opera- 
aig 1 I tion 


tion 
mann 
nexec 


ſubtr; 


10. 7 
the c 


1 teriſti 
them 
| laſt 1 


get t 
carit! 
ſideri 
ing u 
I con 
the f 


* co. 


9.11. 
8.75 
o. 30 
8.56. 
9-99 
18.861 
7-86 


1 


* 


rt 


* r „ 1 *. 
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tion in the 7. A2 = 9. 109446 = bop. fin. 70 23 32" = K. 


1 24 log. a* = 7.216708 = log. fin. O 5' 40 = B. 
Ea der re F + 4B = 30 4 36. 
ſubtracting and + A—IB= 3038 56 

10 I from | 
the charac- 0.201030 = log. 2. | F 

teriſtic of 8.814825 = log. fin . 

the number 110 = los col. A* 3 2 

laſt found, e 8. of 

get the lo- 


garithm of A? + a* = 8. 1 14974 : then, agein e con- 
idering this logarithm as that of fin. A, and add- 
ing unity thereto as well as to the logarithm of þ*, 
I complete the operation as follows, by means of 


the formula, fin. A — fin. B = 2 fn, ü A—EB 
x coſe r A+3B; | 


11 = bop. fin. 70 29 1 2B = 2 10". 
5 73571. 2 5 Þ & therefore} TA Ss = 2. 5 7 . 
©.301030 = log. 2. 0.301030 == log. 2. 
8.567658 = log. Ars 1 A- 43. :4-0564723 = leg. A. 
9.998090 = dog. cof. 44 + 2B. 3.198374 = log. as 
18.856778 . 17᷑:.46407 = leg. 2 Aa. 
7. Nen Bs 4 + af _ 8, e 


| 17:866778 = = a Tr noted 
7. -464107 = — bog. 2 Aa. „ 


2 E 
03:4; Qs 1949907 1 . — wal aff 5 7. 


of | 5 Uſe of the ARE Complement. 


65. Before I put an end to theſe obſervations, it 


| will not be improper to aſcertain the meaning and 
| givea preciſe notion of what is called the arithmetical 
CA; which Geometers very frequently uſe to. 


convert 


46 6 SPHERICAL. 
convert ſubtraction into addition 3 that this 
may be done, let it be required to ſubtract 754 
from 896. Now I eaſily perceive, that if I take 
the ſubtrahend, 754» from 1000, add the differ- 
ence to 896, and from the ſum thence ariſing take 
the figure which is found in the place of thouſands, 
the ſame remainder will be left as if I ſubtract it 
from 846, by the common method: but, in order 
to ſubtract this number, 754, from 1000, it will be 
ſufficient to put down ſuch figures as make 9 with 
each of tho.e of the ſubtrahend, the laſt figure ex- 
cepted, which mult always make IO, as 1s proved 
and demonſtrated by ſubtraction ; and the number 
_ r<{u'ting from this operation, that i is to ſay, (in the 
Preient calc) 246 15 the arithmetical Complement: con- 
icquently, if T add this number to 896, and after- 
wards irom their ſum, 1142, take the unit which 
p-8efles the place of thouſands, I ſhall get 142. 
tor the true remainder fought. 


COROLLARY. 

66. From the preceding reaſoning it follows, 

hat the logarithms of the * * 
rang. A lang. A ; coſec. AKA &c. wil 
be found by adding the arithmerical Complements 
of the denominators to the logarithm of the radi- 
us; or, which is the ſame, by ſubtracting the lo- 
garithms of the denominators from the logarithm 
of the ſquare of the Nerd ber roam _ 20 for its 
index. 


SCHOLIUM. 


67. As it may be ſometimes neceſſary to make 
different combinations or ſubſtitutions of the for- 
mulz which we haye demonſtrated in n this Chapter 

| So 


his 


7 54 
ake 


fer- 
ake together and united under one view; particularly, 
as ſuch an arrangement will ſerve to refer to, when- 


Ei 


der 


11th 
eXx- 


ved 


ter- 
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and as it would frequently prove inconvenient to be 


obliged to ſeek for them in the different articles 
wherein they are ſpecified; we hope that our rea- 
ders will not be diſpleaſed to find them all collected 


ever, in the following parts of this work, we ſhall 
have any ſubſtitution to make. We have taken 
the greateſt care poſſible to preſerve throughout the 


homogeneity of the terms, that we may be enabled 


to apply theſe formulæ, as occaſion ſhall require, 
with the utmoſt preciſion and the leaſt danger of 


mne 


A general Table of the Formule demanſtrated in this 
Chapter. 


68. Sin. 1 A = coſ. 1 ſup. A: tang. 1 A = cor. 
2 ſup. A (art. 7). 
69. — - = tang. A (art. 9) . EDS 
(art. 13). On . 
| * . 5 
O. e —— 
7 F A (art. 10) = A x (art.12), 
71. Sim. 2 A LAX 262.4 (art. 1301 and, 
cof. 2 3 ROS, 2 cof.* A—RR 
R . 
S. * 
76. Sega Raft 4 (en 20. 
| fs 1 Sin. 2A = LF Vn. 2A X cot. A 


eee e 
rang: ee = (art. 14). 


74. R＋ A = . eee : 


Sn. v. A (art. . A=2/n.* 45, K. 
| 75. R 


E 
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"= 412 _ fin Ax tang 4h A 
75. R—oſ. A = RO 


(art. 21.) = fin. V. re 22); X .. A = 
2 fin.* 460 — 4&. 


76. R- ce RR © R + aſh RR 
(art.:22). i -/ 
R + fn. A En. TEA] 
77. . 7 4 E eee (o). 


RR — ach I he A 1 

78. Tang. A = —- + coy 2 (art. ml 
| RR — rang. FR 
af Cat. A = | 5 d ). 


SY W e (ort.15 andeg). 


8. Coſec. A = —_ x (art. 15). 
dec. fin. A 
82. DS 4 = tang. A (art. 16). 
83. Sec. A = cot. 5 comp. A. — tang. A (art. 18) 
= tang. A + Hang. 2 ce 8 ö 


cot. 45 — A+ 3 —2A 8 — — — 
2 


84. Coſer. A = cot. IA cot. A (art. 18) = 


4 
cet. A + lang. 7 LA (art. 19 23 A . 


25. Sin K EEE BE Ax fr B 


= (art. 23) £ 


96. co AEB = LOND AXIS (yy 24). 


Sin. A AFB — Zang. A + tang. B 


- Nr ns TIO. —— — — 
* 


3 Sin. M P oo tang. F PRAGA tang. . B (art. 25) = 
Kr. AL LB 
— oe — (art. 6. 
2 Kr. 1 A — 2 B * l 


R + co. A as OY 1 R — . co. A , N A 


88. 


TRIGONOME TRY FJ} 
B cot. B — rang. A 
88. CB e tang. A 
D fin. TIED e 
RV Ain. A — 5 eee 
N= = *SA4ED art 61). 
R—2 fin. 2LA—LB 
89. Sin. 30%FA=co/. A— fm. 30 0%—A ( art. 27); 
90. Cof. 309%+A = col. 300% —A—jm. A (de). 


91. Sin. A+ in. Was 2 fin ABN cof. FA—IB 3 
(art. 56). IM 


92. Sin. A—fm B=2 fm BCA | 
(450 
93. Caf. A +a B=2 oo: He A 
(ert. 57): | * 
cad! Cof. B — oof. A=2 fin. A X fin 25 
Fir. A. fr. B. rang TA EB 
95: 5 tang 4A — Fs «ns 421. 58) 

Sin. A+/in. B 


A (art. 25) — 


— 


96. FK FeB = fang. II (art. 59) 
| Sin. AA An. B 
97. Fe EA = col. (er, 56 and 57); 
Sin. A—fin. B 
: 98. Co. BTA = lane; LA-IB (art. 60). 
\ Sin, A 1. B | 5 — 
99. 605 _— = cot. 2 AB (de). 


Co. B+ co/. Ao Cor. IZB (de) ec. AAT ſgc. B 
r A ©” rang, 1 "ſec. A — ſec. B 
101. Sin. A n. B — Acoſ. A—E key: AH 
bw wo | | 
x 


100. 


1022 
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102, Sin. A x cof. B= fin A+B +4. fn: ADB 


(art. 26). 


103. Co. A x fo. B En. AFB- —L Lf. B 


(de). 


(do). 6 
tang. IT tang. B BR 
Rü rang. AN ra, Axtang. 2. B 


EY: ang. lang. A—tang. tan B NR do 5 
106. e B UE Wray Ares (de) 


10. Tang: AFB = 


| = 3 2 SS 


( art. Sr 


a Tang. AER K 
108. If A 28 45 "Tore n ns 


G. 


5 * 
- £ * 
— — - i 
"4 
# - ' # > 2 { * 5 * A Z 
4 1 9 * . 2 IV 6 G ” 4 32 
4 » — * — 
* * 
1 5 - 
J - * 
* = 
— * 


104. c, Ax caſ af AFB +1 60 AB | 


inte)" 


rang. A—45*)/ 


—_— il 
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CHAP. 1 


Containing the general Properties of 1 or 


oblique-angled ſpherical riangles, and their 


en by PT: 


. 8 E e T ION 1 
Bs | ſpherical Triangles in . | 


DEFINITIONS. 


= 0g. N portion of a bertel ſurface, 


bounded by three arcs of great circles, 


15 is called a ae Triangle, 


COROLLARY. 


110. Hence it follows, that the ſmall circles of | 
the ſphere do not fall under the. conſideration of 


ſpherical Trigonometry, ſince ſuch. only are uſed 


therein as have the lame « centre with the ſphere it- 


ſelf. 


111. Every D as well as plane triangle 
hath eſſentially three ſides and three angles: and if 
any three of theſe ſix parts be given, by the rules 


of Trigonometry, the reſt may be found. 


Ss CHOLIU M. 


112. In plane Trigonometry, the knowledge of 
the three angles is not ſufficient for obtaining the 
three ſides; for, in this caſe, the relations only 


of the three ſides can be had, and not their abſo- 
lute values; whereas, in ſpherical S it rigonometry, by 
where the ſides are circular arcs, whoſe values de- 


pend on the number of degrees they contain, when 


the three angles are e given, the ſides will alſo become 
| * 2 Known. | 


TRIGONOMETRY, 5¹ 


3 


* | 


- known. 


But there; is yet ther n more remark- 
able difference between plane and ſpherical Trigo- 
nometry; which is, that in the former, two angles 


always determine the third; whereas in the latter 


they never do: and therefore it follows, that the 
definition as above ſtated is in ſtrictneſs applicable 
only to ſpherical Trigonometry; as will * 
clearly a 1 from the ſequel. 
413 

of great circles, which,, by their interſection upon 
155 ſurfaceof the ſphere, conſtitute the ſaid triangle. 
8 ach The angle, which is contained between the 
arcs of two great circles cutting each other upon 
the ſurface of the ſphere, (and already defined to 
be the ſides of a ſpherical Wie is called a 
ſpherical angle; the meaſure whereof is known 


from the Elements of Geometry to be equal to that, 
which is formed by two lines iſſuing from the ſame 


Point of, and perpendicular to, the common ſec- 
tion of the Planes which determine the pines. 
: ſides. 


Fk. S⁰ 
1 | cane triangle, BAC, and the three planes which 


COR © L LAN. 
115. Hence it follows, that the ſurface of a 


etermine it, 


orm a kind of triangular Pyramid 


BGCA, whereof the vertex,. G, is at the centre of 


the ſphere, the baſe a portion of the ſpherical 
ſurface, whilſt its faces, AGC, AGB, and BGC, are 


parts of great circles or circular ſectors, and at the 


tame time form the ſides of the triangle, BAC. 


116. A line, as PGp, perpendicular to the 


Plane of a great circle, paſſing through the cen- 


tre of the ſphere, and terminated by two diametri- 


cally oppoſite points at its ſurface, 1 called the 


axis of ſuch circle; and the points, P, p, where 


the axis meets the lurface, are called the 9 _ 
of, 


he ſides of a ſpherical triangle a are all arcs 


E {mall circles. 
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of. Moreover, if we conceive an infinite number 
of leſſer circles, parallel to the ſaid great circle, this 
axis will be perpendicular to them likewiſe, and 


| the points P and p be their poles alſo. 


CoxoLlLany..h | 
117. Hence, each pole of a great cir is 90 


diſtant from every point in its circumference, and 


all the arcs drawn from the pole of a little circle to 
Its circumference are equal to each other. 


Cono LEARN II. 


118. It likewiſe follows from hence, that all 0 85 
arcs of great circles drawn through the poles of 
another great circle are perpendicular thereto; 


for, ſince they are great circles by the ſuppoſition, 


they all paſs through the centre of the ſphere, and 
conſequently through the axis of the ſaid eircle. 
The ſame thing may be affirmed with hy to 


— 


CoRoLLARY III. 


1 10. Therefore, in order to find he poles of any 
circle, we need only deſcribe upon the ſurface of the 
ſphere two great circles perpendicuar to its plane; 
and the points, where theſe circles interſect each 


* will be the poles required. 


CororLany IV. 


120. It moreover. follows from hence, that if 
from any point taken upon the ſurface of the ſphere 
we would draw an arch of a circle, which may 
meaſure the ſhorteſt diſtance from this point to the 
circumference of any given circle, we mult fo de- 


ſcribe this arch, that its prolongation may pats 


through 


9 f ; 8 
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: through the poles of the ſaid circle: and  contrarily; 


if an arc paſs through the poles of a given circle, 
it will meaſure the ſhorteſt diſtance from any aſ- 
ſumed point to the circumference e SEE 


Conoriany V. 


121. If upon the ſides, AC and BC, of a ſpheri- 


cal triangle, BCA, we take the arcs CL and C K, 
each 9o?, and through the radi, GL and GK, draw 
the circular plane LGK, it is- manifeſt, that the 

int C will be the pole thereof; and as the lines, 
GK, GL, are both perpendicular to the common 
ſection of the planes, ACC and BGC, they mea- 
| ſure by their inclination the angle of theſe planes, 
and of FOnſquUaſEs the F en angle $CA * 
wiſe, 

Co ROLLARY VI. 


122. It is alſo manifeſt, that every a arc of a leſier 


= circle deſcribed from the pole C as centre, and 


containing the ſame number of degrees with the 
arc KL, is equally proper for meaſuring the angle 
ACB; though only arcs of great circles are uſed 


. he this Tae 


ee CororLany, VII. 1 
1 Therefore, if a ſpherical anole be right, the 


arcs of the great circles which form it, paſs mutually 


through the poles of each other; and if the planes 


of two great circles contain their reſpective axes, or 
paſs through the poles of each other, the e 
: wank 2 e ee is a © ata ONE, 


"Cain 2; I. 


124. Any N55 Ades 6 a N ring, BAC, are 
nts than the third. * E- 


1 


| trian 


fix. | 
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DEMONSTRATION. _ 


This propoſition is a neceſſary conſequence of 
this; that the ſhorteſt diſtance between any two 
points, taken upon the ſurface of the ſphere, is the 
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arc of a great circle paſſing through theſe points. 


QE. D. 


nr 


125. The ſum of the three Ades of N ſpherical 


triangle is leſs than 360%. i 


- ., DEMONSTRATION.” 
Let the ſides, AC and BC, containing any angle A 
be produced till they meet again in D, and the arcs, 
DAG, DBC, will be each 1809, ſince all great cir- 
cles cut each other into two equal parts: we ſhall 
therefore have, DAC DBC 3609 : but, by the 
laſt Theorem, DA and DB are greater than AB, 
and conſequently the three ſides, AB, AC, and BC, 
when taken together, leſs than $609. Q. E. D. 


| TnzoREM H. 
126. The ſum of the three angles of any ſpherical 
1 is greater than two right angles, and leſs than 
DEMONSTRATION. 

I the ſides, AB, AC, and BC, of the ſpherical 
triangle, ABC, be ſuppoſed indefinitely ſmall, the 
interſections, formed between the planes which de- 
termine theſe ſides, will approach indefinitely near 
to right lines, and the ſpherical ſurface indefinite- 
ly near to a plane ſurface : therefore, the ſaid tri- 
angle may in this caſe be conſidered as a plane tri- 
angle; but it is well known, that the angles of 
„ e one ee 
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ſuch a triangle are equal to two right ones 'only 3 2 
and conſequently, whillt the Hides of the ſpherical 
triangle, ABC, are of a finite magnitude, the ſum 


ol its angles will be always & greater ON two right 


angles. Q. E. 19. D. 


2. It will readily appear fem an inſpection of 
the 19th Fo; that each angle of the ſpherical trian- 


gle ABC may be obtuſe ; but at the Tame time ſuch, 


that the arc which is the meaſure thereof may be 


leſs than 180* ; ſince then the angle vaniſhes : there- 
Fore, if we ſuppoſe all the angles of the ſaid trian- 


gle obtuſe, their ſum cannot poſſibly be ever 


equal to fix right ones. QE. 25. D. : 


=: [CELLS 1 


127. F it follows, that a ſpherical triangle 
may have its three angles either right or obtuſe; 
and therefore, the knowledge of any two angles is 


not ſufficient for diſcovering the valic of the third. 


Cont 3s oi II. 


128. If che three angles of a ſpherical triangle 
be right or obtuſe, the three ſides are likewiſe equal 
to, or greater than, go? ; and if each of the angles 
be acute, each of the ſi des is 5 alſo leſs than 90" 3 
and contrarily. 


Sc HOLIU M. 


129. From theſe Theorems we may perceive, 
what the difference between plane and ſpherical 
triangles in reality is. But if, in ſome caſes, 
their difference is ſo great, yet, on the other 
hand, there are ſeveral properties, which are 


common to ſpherical with plane triangles, and 
which are demonſtrated exactly in the ſame man- 


ner. Thus, for inſtance, it might be here proved, 
| (as 


TRIGONDMEFRY. 3 
(as well as in elementary Geometry), that two 
ſpherical triangles are equal to each other: 19%, 
. when the three ſides of the one are equal to the 
three ſides of the other; 2, when they have an 
equal angle contained between equal fides, and 3*, 
when they have equal angles above equal bales. 
We might likewiſe ſhew, that a ſpherical triangle 
is equilateral, iſoſceles or ſcalenous, according as 
it hath three equal, two equal, or three unequal, 
angles; and contrarily; and laſtly, that the greateſt 
fide is always oppoſite to the greateſt angle, and 
the leaſt fide to the leaſt angle. The Demonſtra- 
tions of all theſe truths are exactly the ſame with 
_ thoſe in the correſponding caſes of plane triangles, 
ſo that it will be judged unneceſſary to ſpecify 
them in this place. e 
TAEO REM IV.“ 


1 30. If, from the three angles, B, A and C, of a Fig. 11 


ſpberical triangle, BAC, as poles, there be deſcribed 
upon the ſurface of the ſphere three arcs of great circles. 
DF, DE and FE, which, by their inter{efions, form 
another ſpherical triangle, DEF; each fide of this 
neu triangle will be the ſupplement to the angle which 
is at its pole, and each of its angles the ſupplement to 
that ſide in the triangle BAC, whereto it is oppoſite. 


DEMONSTRATTYTON 
| Let the ſides, AB, AC and BC, of the triangle 
BAC, be produced till they meet thoſe ef the tri- 
angle DEF in the points, I, L; M, N; G, K: then, 
ſince the point A is the pole of the arc DILE, the 
diſtance of the points A and E will be goꝰ; and, 
ſince C is the pole of the arc EF, the points C and 
E will likewiſe be go? diſtant; therefore, by art. 117, 
the point E is the pole of the arc AC. We might 

prove, in like manner, that F is the pole of BC, 
and D that of the arc AB. This conſtruction 
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being well underſtood, we ſhall have; DPL =, 
and IE = o, and therefore, DL+IE, or DL+EL 


+IL, or, DE+IL=180?: conſequently, the arc DE 
is the ſupplement to the angle BAC, meaſured by 


the arc IL (art. 121). We might prove, in the 


ſame manner, that EF is the ſupplement to the 


angle BCA, meaſured by the arc MN, and 


that DF is the ſupplement to the angle A B C, 
meaſured by GK: whence it follows, that each 
ſide of the triangle DEF is the ſupplement to the 


angle in the triangle BAC, which is at its pole. 


OB GS WT: ß 
2. The angles of the ſame triangle are ſupple- 
mental to the ſides of the triangle ABC: for, ſince 
the arcs AL and BG are each 90, we ſhall have, 
AL+BG, or, GL+AB= 180 but GL is the 
meaſure of the angle EDF, by art. 121, and conſe- 
quently AB the ſupplement thereof. We might 
prove in the ſame manner, that AC and BC are 
the ſupplements to the angles at E and F: where- 
fore all the angles of the triangle DEF are fupple- 


mental to the ſides oppoſite to them in the trian- 


— 


gle BAC. Q. E. 29, D. 


— — 
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Of the Reſolution of ri gbt-· angled ſpherical T; riangles. 


Preparation to the following T, Beorems. 
131. Let GBPQ be a pyramid, compoſed of 


four right-angled triangles, GBQ,' GBP, GPG 


and BPQ; and let, AB, AC and BC, be three 
circular arcs, deſcribed from the centre G with 
the radius GB, and evidently forming a ſpherical _ 
triangle, BAC, right-angled at A; ſince the planes, 


QP, GBP, are perpendicular to each other: 


_ then, if we make the radius equal to unity, we ſhall 


eaſily obtain the values ſpecified in the following 
| N 7 | Table, 


re- 


e; by 
of. 


7 


R 


1 


5 


fang. 


* 
2 
— 
= 
2 
2 
0 
O 
4 
A 
. 


8 
5 
VI. 
& 
E 
. 
© 
1 
3 
<= 
2 a 
| 


_— p , SIE Tora ; „in. * N 
calletting that, ang. r , and, cot. 


132. In 


- 


—_— . 


1. The are BC, or ang, QGB F 


20. The arc BA, or ang. BGP 


gents, being obtained by only 


A 39 8 The arc AC, or ang. PGQ ; 


41 2 


in cotan 


30. The ang, BA 


— 


expreſiions | | 
g thoſe of the tangenti, are here omitted. 


rtin 


imnve 


* The 


Oo  SPHERSICHAS TT: . 
132. In order to ſhew how theſe ſeveral expreſſi- 

ons are demonſtrated, it will be ſufficient to gee 

the demonſtration of the firſt line only. Anat 

do this, I aſſume any line, GR, which I regard 
as the ſine total of the Tables; then I let fall RS 
perpendicularly upon GB, and, it js evident that, 
this line will be S eg of the arc BC, and GS 
the coſine thereof. This being premiſed, the ſimi- 
lar triangles, GRS, GQB, give the two follow- 
ing proportions; Q: Q:: GR (1): RS .in. BC 
=, and, QG: GB::GR (1) :GS=co:BC= 


B <0 a Wis | 2 

= . from whence I immediately deduce, tang. BC 
= 7 and, cot. BC 18 the other expreſſions 
are demonſtrated exactly in the ſame, manner. 
To prove the truth of the following Theorems, 
the particular values of the terms of the proporti- 
ons to be demonſtrated need only be ſubſtituted, 
and there will be always found a perfect equality 
ſubſiſting between the produd of the extremes and 

that of the means. * | 


Tu rOoZZN I. 


8 133. In any right-angled ſpherical triangle, BAC; 


the fine total is to the fine of the hypothenuſe, as the 
ine of either angle is to that of its oppoſite leg; and 
contrarily. + „ 5 Fo 
N. B. By this Theorem, the expreſſions of the 
Ine and caſine of the angle BEA were obtained; as 
well as thoſe of its tangent and cotangent. 


- Trzorem IL. 


134: In any right-ongled ſpherical trignglt ws ſhall 
always have z as radius ta the ce fine of either . 


— 


84 1 1 WE has WF LL ee 


TRIGONOMETRY. &6r 
fo is the tangent of the bypothenuſe to the tangent of 
the leg adjacent to this * that is, R: coſe B: 


| tang. BC : tang. A B, or, R ee ; : fangs BC: 


_ AC. 
1 III. ad 
135. We ſhall likewiſe have in every right-angled 
ſoberical triangle; as the fine total is to the coſine of 
one of the legs, ſo is the cofing of the other 75 to that 
of the kypotbenuſe; or, which 1 is the ſame, R 1 8 
AB:: coſ. AC: * BC. = 


| „ IV. | 
136. We ſhall moreover have ; atk is to the 


fine Faber aug le, fo is the cofine of the — 
the coſine of the other angle; or, R: ſin. B or n 


* AB or af AC: co/. C or cof. B. 


THEOREM. V. 


22% 4 radius is to the fine of one of the legs, fois 
the tangent of its adjacent angle to the tangent of ibo 


| other leg; or, R: in. AB:: tang. B: tang. AC, and, 


N. AC: : tang. C: ang, Ak. 


1 VI. 


1 38. The radius is to the cot angent of one of the an- 
gles, as the cotangent of the — angle is to the cane 
CI bypothemue; or (which comes to the ſame) - 

radius is to the coſine of the bypothenuſe, as the tan- 


gent of one angle is to the cotangent of * other angle; 


Wa! is, R: cot. B:: cot. C: 1 or, R : cop. 
* 0M B: : Cot. O. : tang. C: ar. 


e eee "Ag | S 


139, From the ſecond Theorem it follows that, 
if two ngkt-angled ſ — triangles have one leg 
5 common z 


62 * SPHER1CAE! 
common; the tangents of their hypothenuſes are in 


the inverſe. ratio of the en a the ENT _ 
? cent to this leg. 8 | 


Carine II. 


140. From the third Theorem it likewiſe fol- 
Jows that, if two right-angled ſpherical triangles 
| have one leg common; the cgſines of their hypo- 
n are as the cofin ines of their other 9? | 


* . W 1 


e III. 


141. It alſo follows from the fourth Theorem 
that, if two right-angled ſpherical triangles have 


one leg common; the cofines of the angles oppoſite 
to this leg are to each other as _— of the ad- 


cent angles. FE. 
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S IV. 


142. It moreover follows from hs fifch Theo- 
rem that, if two right-angled ſpherical triangles 
have one leg common; the ines of their other legs 
are reciprocally as the tangents of the angles FUE | 
theſe legs. ö 

CoRoOLLARY Mi 


1 4 3. Laſtly, if two right-angled eien trian- 
gles have one angle common; the. ſines of their hy- 
pothenuſes are as the /ines of their legs oppoſite to 

this angle, and the tangents of theſe legs as the 

ines of the legs adjacent to the ſaid an _— — 
The firſt of theſs truths is a direct Ces of 
the firſt Theorem, and the ſecond of the fifth 1 


SCHOLIUM. 


144. The ſix preceding Theorems contain 
whatever 1 is neceſſary for obtaining the ſolutions of 


1 See Emer ED of Trigonometry p. 158, 8, oc. 


TRIGONOMETRY, 63 
n lbs poſſible caſes of right-angled ſpherical trian- 
— gles; as we may be eaſily convinced by Tab. I. at 


the end of this Chapter. However, as there may 
be ſome difficulty in retaining, as well as ſome dan- 


N ger in confoundin "S them, we ſhall alſo add the fa- 
A mous Theorem of Neper, whereby they are all re- 
. duced to two general caſes, that may be very eafily 


remembered, provided we perfectly underſtand 
the following definitions; which are abſolutely 
neceſſary to convey a Juſt idea of irs nature. 


DEFINITIONS. 


145. When three parts of a a ſpheri- 
3 triangle are ſo ſituated, that two of them imme 
diately touch the third, or are ſeparated from it by 
the right- angle only; theſe two parts are ſaid to be 
adjacent to the third, which 1s called che e or 
middle part. 0 
146. But when three of the parts of e 
ſpherical triangle are ſo ſituated, that between ont 
of theſe. parts, conſidered as the mean, and each 

of the other two, there is always found ſome other 
part of the ſame nee then are theſe two parts 


faid to be ſeparated.— The right- angle is not ſup- 
poſed to ſeparate its contiguous parts. - This 
Gs. 2 gene | | 


--=" pa AC&B and the f BCC. 
If che AC —"_ AP&C /eparated\ BC&B. 
 aiddle . BC. an e B & C ones, ors, AC & AB. 

parts be B un, will be AB&BC extremes | AC&C. . 

e AC BC N AB & B. 


GENERAL THEOREM. 


147. V, in any right-angled ſpherical triangle, the 

complements of the fides containing the right-angle be ſuth- 

ſtituted fer _ des themſelves, We on 21] al a Baue; 
the 


G SPHERICAL: 
the refangle under the fine total and caſine of the middle 
part, equal to the reftangle under the cotangents of the 


adjacent parts, or to that under the nN of the ſepa- 


rated parts, 


DEMONSTRATION. 
We have taken care to particularize in the Table 


for the ſolutions of right-angled triangles all the 


caſes of this Theorem, denoting by A, the caſes 
which have relation to the adjacent parts, and by 
S, thoſe of the ſeparated parts; ſo that the truth of 
the general Theorem is demonſtrated by that of 
the particular Theorems correſponding to thoſe 
caſes. However, it may likewiſe be proved from 
the Table in art. 131, by ſubſtituting f 
ticular term the values therein ſpecified: thus, for 
inſtance, if we would demonſtrate the firſt line in 
art. 146, we need only prove that, Rx /in. AB 
lung. AC xcot. B ſin. BC Vn. C. Now, by taking 
the expreſſions of tlieſe lines, as given in art. 13 1, 
— __ QPxBP__ BQxBPxGQ_ 
we ſhall get, Rx; = GPxQ? = GOXBQXGEP 5 


tions. It would be the ſame with reſpect to the 
other lines; ſo that we may very juſtly conclude, 
that our Theorem is true in all n caſes. 


QE.D. 


Of the ads of the Aka of a right-angled ſpherical 
Triangle, with regard to the Sides which contain 
the * angle, Sc. 


THEOREM. 


148. In any right-angled ſpherical triangle, BAC, 
or bAC, the angles _—_ the by 8 are * 


or each par- 


all 


which become manifeſtly the ſame, after expung- 
ing the terms which deſtroy in the two laſt frac- 


on 


| obtuſe. 


E 2 it l ee that the angie ACS 
K 5 
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Ce ſame affeftion with their, oppoſe te ſdes; 2 the 


othenuſe is leſs er greater than guadrant, atcord- 


ing as the legs containing the right-ongle are of the ſame 
or different effeFion ; that is to ſay, according as they 


are both acute or edu or fon one acute and the other 


my : J 
* 


DEMONTSRATION: 
I the ſides AB and AC be each WE WIE 


PE the angle A is right by ſuppoſition, the 


Fay an: C will become the 3 of the arcs 


n 


* 
fily brech thus. Let the ſide AC be re 


F, ſo that AF may be 902 then, as the point F 
will, by art. i 17, be the pole of the arc AB, the angle 


B will be alſo go” ; and conſequently, the angle 


ABC, whict is leſs than the angle ABF, neceſſa- 
rily acute. We might prove, in like manner, 
that the angle at C is acute, when the ſide AB, 
which'is oppoſite to it, is acute. It is equally 
manifeſt, that the angles B and C, in the triangle 


BC, right-angled at a, are obtuſe, when the ſides, 
aB, C, "which are oppoſite to them, are obtuſe. 


f one of the ſides Ab is obtuſe, and the other 
fide AC acute, as in the right-angled triangle ZAC; 
the angle at C will be likewiſe obtuſe, and that at 


b acute. For, having taken upon ABb the arc AG 


9o, and drawn from the point G, to the point C, 


the arc GC, the angle ACG will be right, by art. 


118. ſince G is the pole of the arc AC, from 


will | 


I IS on 1 
a 


IF 
8 * Po - — —— — > - ” 2 
r DE CO) . 222 — — — Ro ns Ta Ls „K ” 
ig - = l "ace 7 8 q 3 o 85 
92 =; roy ay — , r 


= o 
N 5 
r J 
555444 5, Am 6, 20% ee "n , - n 
1 r 


ut — Gr 


= SPHERICAL, 


Will be obtuſe For the ſame reaſon, * angle 
4bC, inthe right-angled triangle za C, will be obtuſe; 
lince it is oppoſite to the obtuſe ſide C; and con- 


ſe vently, the ſupplement thereof ABC acute ; 


that is, of the ſame affection with its oppoſite ſide. 


Therefore, in general, the angles above the hypo- 
thenuſe are of the ſame affection with the fides 
which are oppoſite to'them. Q. E. 1. DP). 
29. It is evident, that B C, whether conſidered 
as the hypothenuſe of the triangle BAC, or that of 


the triangle BzC, is leſs than BF; and that the 
175 ypothenuſe b, in the triangle 5a C, is greater than 
BF: 


* — 3 — - * 


from 2 it e that the e dene 


r 


eden, "and 6 greater, when hey are of different. 


5. 
ewill cad y ap pear, that the converſe of this 


Theorem i is true 15 all its parts, viz. that, if the 


arent affection, their oppoſite fides will be 


angles above the hy pothenule are of the ſame or 
PRE; and that the legs are of the ſame or 5 


ferent affection, according as the hypothenuſe is 
leſs or greater than a quadrant ; bur, one or both 


f them 55 7 when it is exactiy a e 


+ '" PROBLEM x | 

. 
rical triangle, BAC, together with the:ſum or difference 
of the ts legs, AB; and: pos "_ cory 5 70 aan 
wine ie * 2 ors 


5 nurn 


Singe ME baue, by art. 138, R: /. TJ : cof. 


AC: cg. BC, we ſhall-alſo have, ceſ AB x af. AC 
| 1 . But, by e . _ 


- 


— 


« 4 Gas 


WO Sw W249. 


"A IQ Hh A. 


N uſe. 
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= L of, ABA -AC+1 coſ. AB—AC; and, conſe- 


duently, 2'R x cof.BC—cof-4 AB+AC +AC=coſ.AB—AC, 


or, 2 R x cof e A = 9 


E. I. 
COROLLARY. 


159. Hence, if the legs be ws we ſhall. 
have, 2 coſ. BC-—R == cof. 2AB® or coſ. 2 AC; 


which ſhews us, that in this caſe, the 60 f ine of the 


double of either of the legs is equal to twice the 


e of the ochun lels 2 ine total. 


1 Wo 1 Pros is II. 


151. Given one of the legs, and the ſum or differ- 
ence of the hypothenuſe and ber leg x z to find the ys | 


$OLUTION. 


Since we bade by art. 135, R: coſ. AB: :cof AC 
: coſ. BC, we ſhall likewiſe have, componendo et divi- 
dendo, R + coſ. AB: R ca. AB:: co}. AC+ceof. 


BC : cof.. Aoi BC; which, by art. N 100, 
BC | 


becomes, cot. 2 tang. = 2 2 
BAC 


1 tang. 


; from whence i it 5 FM, 110 we N 


* 


2 
| the ſum or difference of the hypothenuſe and ons 
leg, we ſhall be able by this analogy to find the 


* or ſum of the hypothenuſe and ether 
. 


* 


is 2 1 4 » > it —_— — 
” « = 
* »—- aka - _ * 


N 


5 1 AB f A e Gar beben 
c AB or c ACR ce. BC: ban. by art. ga, c * 
or cf? AC=: 7 3s RN 2 A3 e 2 


and therefore, 2 cof, BC—R= of 118 or 957 2 AC. 
K * Pro: 


— 


68 SPHERICAL 
PROBLEM III. 
152. One of the angles above the aypithenfe 
with the ſum or difference of the hypothenuſe and adja- 
cent leg in a rigbi-angled ſpherical triangle, being * 3 
to determine the triangle: © | 


'$OLUTION. 


7 Since we have, by art. 134. : of. B : : fangs 

BC : tang. AB, we ſhall allo have, componends et 

a dividendo, R + 60 B: R—ceſ.B : : tang. BC + tang. 
| AB : tang. BC—tang. AB; which, by art. 76 and 
87, become, cot. B. Rf, or, cot. 4 B: Lang. 2B: 


A. Al Au. BC—AB. Q E. * 


: „ IV. 8 


„ Given the bypothenuſe, and the * or d. FI 
ence of 1 the angles boy tbe ebene 7 ns oy” 
e 3 


RE SOLUTION: mY 
V art. FI we have, R: of. BC : : tang. C: 
cot. B; which, by proceeding as in the laſt Pro- 

blem, gives, R* : lang. + BC: : cof.. BC : coſ. 

BC; from whence the ſolution required is ea- 

ſily obtained. But, if the two angles be equal, 

we ſhalt have, R* : © 2 130. Up nah hf p 
2Bor ral 2 C. Q. E. I. 5 


3 


. ; 8 


* __ * Becauſe, R: "co. BC: : tang. C: cot. B: : ang. c: rang. | 
509=B, we mall likey likewiſe have, Rr c BC: R ceſ BC: : 
tang. C+tang:.go0 0B: rang. C—tang. 905 B; and conſe-' 
quently, by art. 76and 87, R*: bang. 3BC: : in, C- * ; 
fin. EIT : 2 62 B=C : cof. B+C. 


PRO- 


fang. ET. 


 TRIGONOMETRY. 6g 


PROBLEM V. 


4. Given in two right-angled ſpherical triangles, Fig. 14. 


BAC, BDG, which have one angle common, the legs, 
AC and DG, oppoſite to this angle, with the ſum or 
difference of their kypothenuſes ;-to- .. 1 tri- 
8 . 
7 SOLUTION. 8 
Since, — art. 143, ſim. DG : /m. AC : : Au. BG: 
ſin. BC, we ſhall Fhewiſe have, compunends et divi- 
dendo, fin. DG . fin. AC: fin. DG nu. AC: : in. 
BG 1. BC: : fi u. BG—/in. BC, and conſequently, 


DG+AG Dee 
by art. 9 5. tang. BE : tang. WH es 4 tag. 
BG TBC BG—BC.. La £33 2 


— tang, == from whence the ſolution: 


of the Problem ill be. very ealy, ſince three terms 
in this Beeren will ale be known. Qs b. 1. | 


PROBLEM. VI. 00 | 255 
155. Let there be ſtill two right-angled ſpberical | 


triangles, which have one angle common, and let the 


legs oppoſite to this angle with the ſum or di ference 


of the e * be geeks z to deverming 7 the 5 


Ses. W 0 
| "SDL U 1 1 0 N. : 
Since we - have, by art. 143, tang. D tt? 
AC: : n. BD: n. BA, we ſhall tkewiſe have, 
tang. DG-+tang.. AC : fang. DG -fang. AC? : fin.” 


BD in. BA: /n: BD—/3.BA; from whence we 


deduce, by making ſubſtiturions fimilar to the pre- 


D ＋ BA 
ceding, /in. DST ANT n. DG—AC:: rage 
BD— 2 BAI! i 


— 
3 * . of a 
0 Bae 


+ 85. 2 8 Terence, p 4 b te. 


SECT 


79 SPHERICAL: 
8 ECT. II. 
\ (gs thy” — of. bligue-angled * . 
| Penn Ser 


7 a» 1 * 


15 6. In any e ak B BAC, the fines 


the angles are to each other 3 as fe = ng of their 


| oppoſe ids: 


'DEMONSTR AT 10 N. 


From any angle, A Ao the ſpherical Wick BAC, 
let fall the arc AD perpendicularly upon the baſe 


1 \ - 


BC : then, in the right-angled ſpherical triangles, 


BAD, CAD, we ſhall have, by art. 133, R: 


fu. AB: : n. B: fn. AD, and, R: „ AC:: 


fin. C: fin. AD; whence we immediately deduce, 
In. ABx/jm. Be im. AC YE C; and 6p ay 
this propa * Br: even u. 1 1 aa in. AB 


VER 
DEFINITIONS. 


1 187 The angles, BAD, CAD, which the ades, | 
AB, AC, containing the angle BAC, form witk 
the perpendicular, are called the ſegments of the 


vertical angle; whether the pe dicular falls 
within. or without the triangle BA Cc. 
29, In like manner, the parts, BD, DC, of che ſide 


B C. contained between the points, B, C, and the 


point D, where the perpendicular AD meets this 


{ide, are called the /epments of the baſe whether the 


baſe be produced or not. RE 


32 With regard to the ſegments. BAD, CAD; 7 
of the angle BAC, the containing ſides, AB, AC,. 


will be called py 419-os Parts, as being ſo in effect; 
but = NE 
parts, 


© F the baſe BC, ſporatet 
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parts, ſince between theſe angles and the ſaid ſeg- 
ments are found the ſides, BA, CA. 

al | 4. With reſpect to the ſegments, BD, CD, 
5 1 the baſe, .. the angles, B, C, will be adjacent 
parts, and-the-ſides, BA, CA, cparated parts. 
This being premiſed, it will be eaſy to remember 
the two 8 of the following Teen bytes og 
5 WW EI CO CER OTE 
| „ 8 W 
2/3 58. If from any angle, A, of a 4 ſoberical riar- 
gle, BAC, we let fall a pergendiculgys, AD, upon © 
| 5 oppoſite fide, BC, 0 Proqictd if necefary Js E 
hee 
15 The ſiues of the ſegments of this angle | &s ale co- 
fines of the ſeparated parts; and the caſines thereof as 
the carpal of the adjacent parts. 
2. The ſines of the ſegments of the baſe as the co- 
tangents of the adjacent parts; and the cofines 1 | 
as 0 E Ines of the ſeparated parts: 8 


19. Sin. BAD: fin. CAD: cf. B: co. C. 

29. Cof. BAD: cof. CAD: : cot. AB: col. AC. | 

39. Sin. BD: in. CD:: cot. B: cot. C. 

45. Cf BD. : caſ. CD : : ceſ. AB: coſe AC. 
DEMONSTRATION. 

In the right-angled ſpherical triangle BDA we 
ſhall have, by Theorem IV. R: coſ. AD : : fin. BAD: 
8 B; and likewiſe, in the right-angled triangle 

DA, by the ſame, R: coſ. AD; : ſin. erg TI 
95 C ; therefore, _ BAD: fin. CAD: coſe Tr 

B. oof. C. E. u. B. | 

2, Theſame angles wil alſo ENS by: 7 Got | 
II. R. c BAD: cot. A D;: cot. AB, and, R. 
coſ. CAD : + cot. AD; cot. Ac; therefore, ſince 


theſe two Proportions have the ſame antecedents, 
we 


that 1s) 


4 * 
* 0 


n T5 EA te AE 
| we ſhall ne C90. BAD: e. CAD: : cot AB: 


Ac Ea 


The ſame angie will moreover give, * 


Ti heorem V. the two following proportions; R: /n. 
BD :: cot. AD : cot. B, and, R: ſn. CD: : cot. 


AD: cot. C; therefore, fince the antecedents are 


and 1n the triangle CDA, R: cof. DC: co. AD: 
cof AC; from whence it follows, that = 2 
n 5 bets AB : ee Es 49.D 


Fig. 16. 


equal, the conſequents will be like wiſe proportion - 
al, and give, Sin. BD: : Jim. C D:; cot. B: cot. C. 


= 


Jays: by Theorem III. we ſhall have in the 
triangle BAD, R: oof. BD: :'coſi AD : coſ. AB; 


C.H 0 L. 1 v M. 
„ The A) parts of this Türe are, upon 


| 8 259. The of equal import with the Corollaries, 
which we have ſubjoined to the ſix Theorems upon 
right- angled triangles 3 only, we have here at- 
tempted to render them ſomewhat eaſier to be re- 
membered, by means of the definitions which we 
have prefixed to this Theorem. . 


| Preporation to the aa T, ame 


PROBLEM. 


1 160. A ſpherical triangle, -BAC, being given, 
ane 2 whereof, AB, 15 ſuppoſed to be upon the circum- 


ference of à great circle, ABRFar; it is required to 
find the orthogra * 2940 projection of this triangle upon the 


plane of the. ſaid circle; that is to lay, that which is 


termed ly lines, let fall from all the points of the ſides 
an 2 3 A B 1 3 en the plane, 
325 


slv. 


f 
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SOLUTION. 
From the extremities, A, B, of the arc AB, let 


there be drawn to the centre G the radii, GA, GB; 


alſo, through this centre (which is likewiſe that of 


the ſphere), let a plane or great circle, DRo, be 


conceived to paſs perpendicularly to the plane 


ARar, ſo that their common ſection, Rr, may be 


perpendicular to the radius AG; laſtly, let the arc : 


AC be produced till it meet the circumference 


7DRy, in the point D; from whence, let the line. 


D be drawn to the centre G, as alſo the line Dd. 75 


perpendicular to the diameter R. This being 
done, it is evident, that the angle DGR is equa 
to the angle BAC, which is formed by the inter- 


ſection of the planes, BAG, CAG, (ſince the 


lines, DG, RG, are both perpendicular to their 
common ſection, AG); and, that the angle DGr 


is equal to the ſupplement thereof. —— It is 


equally manifeſt, that, if from the point C we let 


fall a line, Cc, perpendicularly upon the plane 


ARar, the point c will be the projection of the an- 
gular point C. Moreover, if through the point C 


the plane of a little circle, CL, be made to paſs 


in a poſition parallel to the plane DRo, the com- 
mon ſection, IL, of this plane, and that of the great 
circle A Rar, will be alſo perpendicular to the ra- 
dius AG, and determine each of the arcs, AL, 


Al, equal to the arc AC; and the projection of the 


oint C will be found in a point of this line: but 


it will be likewiſe found (for the ſame reaſon) in 
a line, Ef, which is the common ſection of the 


plane of the great circle ARar, and that of the lit- 
tle circle FC F perpendicular thereto; provided 


this line be alſo perpendicular to the radius BG, 


and of courſe determine each of the arcs, BF, Bf, 
95 L '-,_ equal 


x S$PRERTORWU LL. 
equal to the arc BC: and therefore, when the 


three ſides of a triangle, BAC, are known, it is eaſy 


to perceive, from hence, how the projection of 
an angle C may be determined by the interſection 


of the lines, LI, Ef, upon the Fact of the cue | 


ABRar. N. E. I. D. 


COROLLARY. "P 


161. The right-angled trian les, D4G, Ca, 
being ſimilar, on account of e parallel lines 
whereof they are compoſed, we ſhall have, DG : 
CH or 7G: IH: : 46: H; that is to ſay, R: 
jm. AC: * of, BAC : H; therefore, as we ſhould 
have the ſame proportion for all the projected points 
of the arc AC, it follows, that the projection ofthis are 
upon the plane of the circle ABRar is an ellipſe ;* 
whereof AG. is half the tranſverſe axis, and aG 
1 the conjugate. | 


CoroLlLary II. 
_— 62 It likewiſe follows, from the preceding Co- 


rollary, that the orthographic projection of a circle, 
or part of a circle, is always an ellipſe, or 


part of an ellipſe; whereof half the tranſ- 
verſe. axis is equal to the ſine total, and half the 
conjugate to the coſine of the angle contained be- 


tween the plane of the ſaid circle and the plane of 


Projection. 8 = 
= CHOLIUM: : 


16. In the two following Chapters, we ſhall 


S a more minute e of the orthographic pro- 


_— * 


* Sce Robert 5 Tranſlation of De ls Caille' 8 Alscnony. 
p. 160, 


jection, 


* 
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jection, and of its application both to the i 


rical triangles. What we have ſaid thereon, in this 


place, muſt be conſidered only as a Lemma abſo- 


lutely neceſſary for the perfect underſtanding of 


cal and analytical reſolution of all the caſes of ſphe- 


the following Theorem; the difficulty whereof will 


be very eaſily ſurmounted, provided we have con- 


ceived a juſt idea of the nature of the planes, men- 
_ tioned in the foregoing conſtruction. 


FCW o REM III. 5 
164. In any ſpberical triangle, BAC, this propor- 


tion will always be true : as the product of the ſines 


of the des, AB, | AG. containing any angle, BAC, 


2s to the produt# of the ſines of the differences of theſe 


and half the ſum of the three ſides, ſo is radius ſquared 


+ 


or, which is the ſame, Sin. A BN .in. A C: /n. 


Conſtruction neceſſary ta the Demonſtration. Facts 


Fig. 17. 


to the ſquare of the fine of half the ſaid angle; 


re TAC TBC | 
AB+ + . AC. — —AB::R*: 
Fu. BAC. pe 


Upon the plane of the circle ABRar, and on 


each ſide of the point A, let there be taken the arcs, 


AL, Al, equal to the arc AC; likewiſe, on each 


ſide of the point B, let the arcs, BF, Bf, be taken 


equal to the arc B C, and afterwards the chords, 
Li, Ef, drawn reſpectively perpendicular to the 
radii, GA, GB: then (from what hath been de- 


monſtrated in the preceding Problem) it is evident, 


that the interſection C of theſe chords will be tha 


projection of the angle C, in the triangle BAC; and 
(from this conſtruction) that, BLEAC—AB; BT 


AC TAB; LF=BF or BC-AC TAB; 1f=AB+_ 


AC—BC, and, Lf=BC+AC—AB. In the next 


place, let this Proportion be made; H/: CH:: 
. VV Gr 


mg 9 * . 
"INES I Og PT. 1 
EIS 
gs 
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Gr: Gd; or, which is the ſame, upon Gr, let : 
there be taken, Gd, a fourth proportional to the 


three lines, FE}, CH, Gr, and this line will be 
the co/ine of the angle BAC, as appears from fig. 16 ; 
and confequently, if at the point d we raiſe a right 


line Dd, perpendicular to the radius Gr, it will 


determine the angle RGD equal to the angle BAC, 
and be the fine thereof. Laſtly, from the point 


D, to the extremities of the diameter Ry, let there 


be drawn the chords, DR, Dr; upon which from 
the centre G let fall the perpendiculars, GS, Ge, 


and then from the points, S, 6, the perpendiculars, 
SV, 54, upon the diameter Rr; and it will mani- 


feſtly appear, from this conſtruction, that RS is the 
ſine of half the angle BAC, and rs the fine of half 
its ſupplement ; that is, the coſine of half the ſaid 
angle. So much being premiſed, we ſhall find 
no difficulty in the 4 | 
DEMONSTRATION _ 
In the right-lined triangle CLF, the fines of the 
angles being to each other as the halves of their 
oppoſite ſides, and the angle, LCF*, being mani- 
feſtly equal to the angle AGB, its ine will be 
equal to that of the arc AB, and we ſhall have 
this proportion; /n. C or ſin. AB: fin. F:: 1LF; 
CL; alſo, on account of the proportional lines, 


GR, HL, Gd, CH, we ſhall have, HL: GR:: 


CL: VRS Z RA; and, likewiſe, ſince the lines, 
GR, RS, and RV, are in continued proportion, 

GR:VR::GR :RS : then, if we multiply 
the correſponding terms of theſe three proportions 


5 


— 9 


If; which, by what hath been faid above, are equal to 
2AB, 4” 5 . 


” Becauſe it is meaſured by half the ſum of the arcs, LF, 


together, 
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together, and expunge ſuch quantities as are 
common both to the antecedents and conſe- 
quents, we ſhall get, fn. ABXAL:/m F.:: 
LF GR ; RS. or, /n. AB x HL : Vn. FxiLF: : 
R': RS; but, HL Au. AC; n. F fn. 1 LAf 

BC+AC—AB 


BC+AC+AB „ 12 

2 . n. —AB, and, 1 

. 1 BC+AB—AC „ 

LF = fn. + LRF = fn, fn. 
 BC+AB+AC 


Ae aid therefore; if we fit 


2 
theſe values in the laſt proportion, it will become, 
Sin. AB x fi. AC: Jn, e e AB N fr. 


TOI -AC::R: Me IDC Q. E. D. 


2 


TREBOREM IV. 


16. Let the ſame conſtruction be ſuppoſed as in the 
preceding Theorem, and I ſay that we ſhall likewiſe 
have this proportion; as the product of the fines of 
the fides, AB, AC, containing any angle, BAC, is 
to the produtt of the fine of half the difference of theſe 
des and the third by the fine of half the ſum of the 


three ſides, ſo is radius ſquared to the ſquare of the co- 


ſine of half the included angle; that is, Sin. AB n. 
AB+AC—BC _ AB+AC+BC. : 


AC An. in. . : R.: 60. 
1 BAC. 1 5 


DEMONSTRAT ION. 
In the triangle CI, the ſines of the angles are 


to each other as the halves of their oppoſite ſides : 


but, it is evident that, the angle at / is meaſured 
by half the arc FD/, which is the e * 


3 
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half the arc Fal, equal to half the ſum of the 
three ſides, AC, AB, BC: the arc IF 1s alſo mani- 
feſtly equal to, AB+AC—BC ; and therefore, the 


half of its chord will be the /ue of, . 


5 | 
This being premiſed, we ſhall have, /m. AB: fm. f 
: : I C1; by conſtruction, H/: Gr:: 4 C: 
ur = dr; and likewiſe, ſince the lines, Gr, rs, and 
74, arein continued e, e e : ur: : Gr : 186˙3 

therefore, if we multiply the correſponding terms 
together, we {hall get, fax. AB NH“: fin, F:: AIf * 
Sr :s, or, fin. AB x H]: L If ſin. f:: = 
7; and, by ſubſtituting the value of each line, 


„ 2 AB+AC—BC _ AB+4AC—+ 5 
Sin. AB vn. AC: ſn..— 5. —— : 


. Corollary 5 | 
166. Hence, if we call the ſum of the three ſides, 
s; the fide oppoſite to the angle ſought, a; and 


the ſides including this angle, 6, and c; we ſhall 


have; fin. Z angle = ro fv 25 —bX/in.5 « < and; 


5 | 9 _b+c+a 
E = HIT NA. | 


2 


12¹»„»„„ En 


> ; Vn. 2 c 


REG 2-2 Nn. 5 5, 


bh 


fn. Pyr. c 


CoROLLARY II. 


165. Since we have, by art. 6g, Kg N = tang. 
A, it follows, that we ſhall alſo have, tang. I an- 
| | | gle 


| angle A= | 
which formula may be otherwiſe found by a com- 
pariſon of the ſimilar triangles, Cy, LCF. &c. 


E 


Fd 
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gle=! 1 2 j bo. and, cot. 2 angle = 


9 2 E 5—aX/in. Is 
= aN ,. * 


e | 


ConroLLary III. 
168: Since we have, by art. 71, fm. 2 KA 


7 


£ X AX fix: _ we ſhall alſo have the ſine of the whole | 


R 


2 rV fin. I oX/on. aN fn. NA. e Fm, 
fin. bfu. c 


2 coſe* A—R? 


— — The formula, coſ. 2A = 1 „ will give 


the coſine, likewiſe, of the whole angle A = 


2 ſon. + 3% ſim. 5 5—a—fon. en. rs and, if we divide 


fin. bY. fan. c 


the 8 of theſe two expreſſions by the latter, 


we ſhall obtain an 1 (though ſomewhat 
more complicated), for the —_ of the whole 


angle. 


CoROLLARY IV. 
169. If the ſides, including the 4 ſought, 
be equal, we ſhall have; /n. & angle = 


2 *b+ FF Tax fin. LY 
. 


An. AB 


and, 2 5 angle=s” 


8 © HOL I U M. 

170. From the ſeveral formulæ, which we have 
deduced from the two laſt Theorems, it will rea- 
dily appear, that the reaſon of our chuſing to find 

| „ 


RIA. BQ 5 


1 


ö 
ff 


er 2226 wet — ee 227 * & 
- * 5 
5 CY 


we ſhall have; oy 


. ß 
one of the angles of a triangle, whereof we know 
the three ſides, by the fine or coſine of its half, is, 
becauſe theſe formulæ are the moſt eaſily conſtruct- 
ed by the logarithms ; however, it muſt be acknow- 
ledged, that the formulæ, which we have given 


for the tangent and cotangent of half the angle 


ſought, may be likewiſe very advantageouſly uſed, 


as being very little inferior in ſimplicity to the other 
two; and therefore, we have four eaſy and com- 


pendious methods of ſolving this particular caſe of 


Trigonometry. 


Neper, Oughtred, Jones, and ſome other | Engliſh 


Mathematicians, in order to preſerve a rome 
analogy between the ſolutions of this caſe by the 


ne and coſine of half an angle, have given formula 
ſomewhat different from ours with regard to the 


expreſſions ; which, as they ſeem pretty well adapt- 


cd to remembrance, we ſhall here ſubjoin. Let a 
and c be put for the ſides, containing the angle 
fought, the ſum whereof call, 5, and difference, 


d, and let 5 repreſent the ſide oppoſite to this 
angle, (which we ſhall regard as the baſe), and 


4 


A.. — | 
Sis. angle... — 3 Cof. F angle = 


| 5 Vn. a xXx in. c 


5 e e, eos” 
7 0 . — » 
Abe. In 2 . 


—: and conſequently, tang. L 


| a Jin. aX/m.c. | 
3j 8 

Vin Eta 
angle 


N 
V b wi = 


EP” 2 2 4 | | 
If we would apply the preceding formulæ to 


AI 


Plane. trigonometry, it need only be conſidered 
5 | Le. that 


. 


C A. et Os Ip buy JV. 
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4 Py 


that the fines of the ſides of a triangle then be- 
come the ſides themſelves; and we ſhall have, 


by ſtill preſerving the ſame denominations for the 


three ſides of a triangle; fin. 4 angle = 


Hz as ag coſ. F angle =" ., and, 
VI ———.: SR. On 


F „ 
Fang. 1 angle : from whence we 


VAN. 5 


may perceive, that if, to the logarithms of the fac- 
tors of the numerator of each fraction, we add the 


arithmetical complements of the factors of the de- 
nominator, and take half the ſum thence ariſing, 


we ſhall obtain the angle ſought, much more ſimply - | 
than by the common rules of plane Trigonometry. 
It may be moreover obſerved, that the formula 


found for the /ine of A, in art. 168, furniſhes us 


with a pretty remarkable property of a plane tri- 


angle; viz. that the ine of any of its angles is 


equal to twice the area of this triangle, divided 


by the product of the ſides which include the faid 


angle: for it is demonſtrated, in all the Elements 


of Geometry, that the area of a triangle is = 


5 S* a-; which becomes 


the numerator of the formula for n. A, when the 
\whangle is right-lin ed. | 


TrzoREM V. 


171. In any ſpherical triangle, BAC, | whereof the 
#hree angles are known, ve ſhall always have theſe two 
analogies for finding one of its fdes; 1%, as the pro- 


duct of the ſines of the angles above the fide ſought is to 


the product of the cofmes of the differences of theſe angles 


and half the ſum of the three angles, ſo is radius ſquared to 
5 x M Em 


_ ——— 3 rr ES. 2 , 1 
. . — r = 1 8 RE. Ht * . . 
— * 2 By * "6 8 * £ r — <a 23 r n 2 
. — n r 4 \ — r — 3 * © 3 g —. 22 * 2 SY wa" 3 
> 37 * — _ - 2 4 8 — be 
3 N * I he — mg — . ph 1 EN 1 Rk 3 = 
— ———— ͤ—y—-— tl Sh —ę—æß — —ů— 2 ow f 2 - 1 — 
= 


ts. — 
4 4 , 


nad 


* 


- F 2 
r 


3 
3575 * — 
r * 
. 8 4 - 0 5 * 
IN : ps aaa] N 
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the ſquareof the cofine of half the fide ſought; that is, Sin. 


Bx/in. C : of. B x cf e wg 


\ CO: 
R: ce. I BC; and, 29, as theprodutt of the fines of the 
angles adjacent to the fide ſought is to the product of the 


Fig. It. 


coſine of half the difference between theſe two angles and 
the third and half the ſum of the three angles, ſo is radius 
ſquared to the ſquare of the fine of OY; fide fought , 
that is to ſay, Sin. B x ſo. O: coſ. * 
R c. 
DEMONSTRAT ION. 
In the triangle DEF, all the parts whereof are 
the ſupplements to thoſe in the triangle BAC, by 


art. 130, we ſhall have, by Theorem III. fin. ED x ſin. 


BAC; and conſequently, their nes the ſame as | 


come, co, 


DE 1 '+ EE 5 
FE : fit -- — DF x in. E 


: R* : n 2 DFE. But, the ares, FD, FE, are 
the ſupplements to the angles, B, C, in the triangle 


thoſe of the ſaid angles. Moreover, ſince the fine 


.of half the ſupplement of any arc or angle is equal 
to the coſine of half ſuch arc or angle; the ſecond 
term will, after making proper ſubſtitutions, be- 


Bx, <2 —C. In 


| like manner, the angle DFE. being the ſupple-. 


ment to the ſide BC, its half will be the comple- 
ment of half this ſide, and the ſine of ſuch half the 


coſine of half the ſaid ſide; and therefore, the pre- 


ceding proportion will now be changed into this; 


* 


R=: c. KB C. Q. E. 1 D. 


1 STEEL o. BETENT. 
Sin. B x fin. C: ceſ.—2 Bx ceſ. 20 


2%. In 


by Theorem IV. ſin. FD ſin. EF: fm. = 


- cof. | fide =" 
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29, In the ſame triangle, DEF, we ſhall have, - 
DF + EF —=DE 


DF EE DE 
x ſm. — 2 -. R- : Cof. *: DFEy ct pro- 


portion, by making ſubſtitutions ſimilar to thoſe | 
which we made in the preceding caſe, will be 
changed into, Sin. B x ſon. C ol uf, == _ * cop. 


B+C+A _ 
. : ſin. * BC. QE. o. P. 


* 


| CoroLltany J. | 
I 72. Hence, if we call the ſum of the cheek * 


dles of any triangle, 5; theſe three angles, &, 8, 75 
reſpectively, and ſuppoſe, g, v, to be the 


les ad- 
jacent to the ſide UTR , we ſhall have the following - 


r 


formulæ; fa. 1 fide fought = FT Vine Bxfin-: 7 


nen 


 Sjnexfny 


kide=" ral of I 42% oY Yr" Dy ad —Ic would be 


of ce. TEN cg L 
eaſy to find formulæ for the fine, eoſin, cakes, 
and cotangent, of the whole fide fought”; but, as 


and, rang 4 


theſe e 55 would be much more complicated 
than tho 


ſe above given, it will be unneceffary to 
ſpecify them. | e 
Ge | 


1 73. When the two angles above the ide fought ö 
are equal, we ſhall have by the firſt part of the 


Theorem; Jn B: co 41 : R* ce. 4 BO. 
We N 


— — err Page m—_ 
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and, by extracting the ſquare roots, coſ. 1 BC 


NRC FA | 
fia. B 5 


- The formula, which would ariſe 


: from the wt parks would not be quite fo ſirple, 


9 H 0 L I U M. 
2 Theorems contain the folations of 


all - poſſible caſes of oblique-angled ſpherical 


triangles, as we may be eaſily convinced from an in- 


ſpection of the ſecond Table, where all theſe ſolutions 


To colected and united. However, that we may 
give to this part all the extent and generality where- 


of it is ſuſceptible, we [ſhall yer annex another 


Section; in which we ſhall give ſeveral other very 


important and general Theorems, and in particu» 


lar the famous analogies of Neper; wherein this Geo- 


meters deſign ſeems to have been, to reduce the ana- 
logies of ſpherical Frigonometry to thoſe of plane. 
But, by rendering to theſe Theorems all the gene · 


rality requiſite, it will be eaſy to obſerve, that the 


analogies of plane, are but particular caſes of thoſe 
of ſpherical, Trigonometry; and therefore, ſuffi- 
cient (in our opinion) to deduce them ſeparately 
from thence by ſample inferences only. It is ſurt 


pPriſing that moſt writers upon Trigonometry have 


made no mention of theſe analo Fer, whilſt others 
ve given them without demonſtration, and 


pthers deformed then, (but Mr. Walf in particu- 


har), by ſuhſtitutin in their room proportins con- 
ſiderably different from thoſe of Neper.— Beſides, 


theſe analogies may prove to be of very peculiar 


bee in this ;!thar they Nl greatly contribute to 
- rd retention of all the ee caſes. of oblique- 


ae whether 
. —_ « g 1 nt 8 SEC. 


_ * 
58 « : of 


ww — — 


* 


pherical or . a 


” in POS IOS 2 OT: 


—. which; after ſubſtituting for the catan- 
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Containing a Demonſtration of the -analogies of 

Neper, as well as of ſome others, both in 
plane and ſpherical Triangles not commonly 


given. _ 
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175. If from any angle, A, of an oblique-angled 


ſpherical triangle, BAC, we let fall a perpendicular, 


AD, upon the oppoſite fide or baſe, BC, ( produced if 


neceſſary), we ſhall always have this analogy ; as the 
tangent of half the baſe is to the tangent of half the 
ſum of the other two ſides, ſo is the tangent of half the 


difference of thefe Jides to the tangent of half the differ- 
ence, or half the ſum, of the ſegments of the baſe form- 
ed by the perpendicular, according as it falls within or 


. without the triangle; that is to ſay, Tang. 3 BC: 


'  AB+AC | © | AB—AC' © "BBC 


"DEMONSTRATION. 
We have proved in ar?.158 that, 90 BD': c 


AB: c, AC, and therefore, we ſhall alſo have; 


componendo et dividendo, coſ. BD+coſ.CD : co BD 
cof, CD : : coſ. AB+cof. AC: coſ. AB—eof. AC; but; 
by art. 100, coſ. BD. CD: caſ. BD—cof. CD >: 
br po 
cot. —— fang. ; and for the ſame rea- 
ſon, coſ. A B+coſ. A C: coſ. A B—eoſe AC:: ct 
ng. + hence, fince the two fir 
terms of theſe two proportions! are proportional, 
. likewiſe, and give, cat. 
BD+CD BDC Y . AAC 


: Lang. | 


gents. 


© 4 nn ar aa 4 


noo — ns IG > — 7 
* 


e . ꝗ ! 7]³˙A V ⁰¹- e-o 
7 | ” 
. 


Fig: 15- 
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gents their * in the tangents, and 2 


tang. 1 A 


extremes and means, produces, — = 


tang. —_ 
tang. BD—! 'BD—ICD 
tang 1 AB+3 AC l 
within the triangle, ey will be _ = but if 
 BD—-CD Bc 


x Now, if the EGS: falls 


without, 8 = 5 and therefore, the laſt 
equation reduced into proportion will, to corre- 


ſpond to both caſes, ſtand thus; 7. DX. 2 : BC : lang. 


T * 
pa e 4a 5 N D. 


Sen O LIU M. 

176. If we ſuppoſe the triangle right-lined, it is 
eaſy to perceive that, as the tangenis then become 
the ſides themſelves, we ſhall have this propor- 


tion; As the baſe of the triangle is to the ſum of the 


other two fides, ſo is their difference to the difference or 
ſum of the ſegments formed by the perpendicular let fall 


 #pon the baſe, according as it falls within or without 
the triangle. —Irt is likewiſe manifeſt, that this 


formula may be applied both to ſpherical and plane 


trigonometry, in order to reduce a triangle whoſe 
three ſides are given into two other right-angled 


ones; in each of which we ſhall know, beſides 


the right zngle, the hypothenuſe and one leg. 


Let: (whether the triangle be ſpherical or right- 


lined) the formulæ in art. 164 and 165 ought (in 
our opinion) to be always preferred, as conducing 


to the calieſt and ſhorteſt nee, 5 


„ THroOReEM C70 | = 
17 7 I 4200 fill ſuppoſe that from any angle, A, of 
4 pa triangle, BAC, there” be let fall a perpen- 


dicular, 


TRIGONOM:E TRY, 
ying dicular, AD, upon the oppoſite jide, we fhall have the 
two following proportions , 1, as the ſine of the ſun 
of the angles above the fide on which the perpendicular 
alls Falls is to that of their difference, ſo is the tangent or 
' eotangent of half the ſaid fide to the tangent of half the 
| difference, or cotangent of half the ſum, of its ſegments 


it if | | ; 
formed by the perpendicular; that is, Sin. CB: fin. 
laſt | CB: fang. or cot. 1 BC: tang. or cot. D; 
| 2 : 
e- and 27, as the ſine of the ſum of the other 1290 ſides is 
 _ to that of their difference, ſo is the cotangent of 
4 pbeir included angle to the tangent of half the difference, 


or half the ſum, of the ſegments of this angle; that is 

to ſay, Sin. AB+AC : fu. AB—AC : : cot. 1 BAC: 
BADJCAD TI 8 

tang 5 2 ONS 


DEMONSTRATION. 

In the triangle BAC we have, by art. 158, ang. 
C: tang. B:: Ain. BD : Ain. CD, and therefore, we 
ſhall alſo have, componendo et dividendo, tang. C 

tang. B: tang. C — fang. B:: fin. BD in. CD : ſin. 
Bin. CD; but the relation of the two firſt 

terms is, by art. 87, equal to that of, iin. CB: | : 
ſin. C—B, and the relation of the two ſecond, by _ 1 

N | a: RDSCD.*>; : 1 
art. 95, equal to that of, fang. — : fang. 
BD—CD „ 28 

—— 3 therefore, if theſe relations be ſubſtitut- 

ed for the preceding, and tang. 4 BC be put for 
2. when the perpendicular falls within 
Ly T : 

the triangle; but for ang. , when it falls 
without, we ſhall have for the two caſes 3; Six. 

Ss: ld CB: 


B DAC 


pn 


#8 -' SPHERICAL 
C+B in. C—B: : tang. 4 BC 3 
tang. Ra fang. BC :: cot. 1 BC: cot. —. 
25. In- the ſame triangle we ſhall likewiſe have, by 
art. 158, tang - AB: tang. AC: : cof. CAD: coſe 
BAD, and therefore, componendo et dividendo, tang. 
AB+tang. AC : tang. AB—tanp. AC : : cf. CAD 
Tc. BAD: cof. CAD—cof. BAD: but, by art. 
87, the relation of the two firſt terms is equal to 
that of, /n. A BTA C: In. AB - AC, and that of 
the two ſecond, by art. 100, equal to that of, cot. 


A CAD BAD CAD FR 
r tang ö therefore, if we 


9 * 


: ; n = 
ſubſtizate theſe relations for the preceding, and 
|  BAD+CAD | 


put + BAC for * when the perpen dicu- 
lar falls within the triangle, but 4 BAC for 


BAD—CAD 33 158 1 8 8 
= , when it falls without, we ſhall get for 


F* 


the two caſes ; Sin. ABFAC : An. ABA: 
cot. + BAC tang. 4 BADTH CAD. QE. 25. D. 


SCHOLIUM. 


178. The firſt part of this Theorem, it is evi- 
dent, conduces to the ſolution of a ſpherical triangle 
whereof. one ſide and the two adjacent angles are 
given; by immediately reducing it into two right- 
angled ones, in each of which will be known one 
ſide and the adjacent angle. We might likewiſe 
uſe it for the ſame purpoſe in a right-lined triangle ; 
only its application becomes unneceſſary for find- 
ing the ſides of ſuch a triangle, ſeeing they may 
be more eaſily obtained by the well known analogy 

: | f | between 


/o is the tangent of half the adjacent fide to that of half 
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between the /ines of angles and their oppoſite ſides ; 


and therefore, the only caſe, wherein this Theo- 
rem can be of ſervice in plane Trigonometry, is 
that which requires the ſegments of the baſe of a 
triangle to be found. For, if we ſuppoſe the baſe 
and two adjacent angles given; then, in order to 
find the ſegments thereof, we ſhall have this ana- 
logy ; As the fine of half the ſum of the angles above 


the beſe is to that of their difference, ſo is half the ſaid 


baſe to. half the difference or half the ſum of its ſeg- 
ments, according as the perpendicular falls within or 


vithout the triangle. 


The ſecond part of the Theorem may be applied 
to a ſpherical triangle, when there are given two 
of its ſides and the included angle, in order to re- 
duce it into two right-angled ones, in each of 
which we ſhall know the hypothenuſe and an adja- 
cent angle. It may likewiſe be applied to the cor- 
reſponding caſe of right-lined triangles, in order 
to find the ſegments of the vertical angle, by ſub- 
ſtituting, AB+AC and AB—AC, for the ſines of 
theſe. quantities; and in this caſe, the common 


rule will not be found much ſimpler. 


05 TRE Oo REM III. 


179. I ſoy moreover, that in any ſpherical triangle, Fig. 154 


BAC, we ſhall have theſe tæus proportions ; 19, as the 
fine of half the ſum of any two angles is to that of half 
their difference, ſo is the tangent of half the fide adja- 
cent to theſe angles to the tangent of half the difference 
of - their oppoſite des; or, which is the fame, Sin. 
C+B CAR . Ale 


„ 3 CO » £7 — —_— —— 
I fit. =: : lang, FBC: tang TS 


? 2 ; — : 
and 2% as the cofine of half the ſum of the angles 


above one of the ſides is to that of half their difference, 


the 


© -— SPHERICAL - 


the ſum of the oppoſite fiaes ; that is, Cæſ. - Cf. 
" C—B — 18 


Tee : Fang. 3 BC: ta ang. — — 


* 


DEMONSTRATION. 
We proved i in the laſt Theorem that, /n. CB: 
fin. C—B: : Fang. 4 BC : tang. 3 — but CAB 
a IEF, 3 e 
mula in art. 71, (ſin. 2A=2 fn. Ax, Ah TFB 
will be found 2½/n. — 1 "= % and, for the. 


5 | C—B 
ſame reaſon. /in. C—B=2 * — —_— "9 AS 


therefore, the foregoing een will, after di- 


viding its two firſt terms by 2, be changed into 
2 1 


— 
— 
. 


the following; ſm. 
— BD—CD 
wn : lang. 4 LBC : fang. 8 Moreover, 
ſince in every ſpherical triangle the nes of the an- 
gles are to each other as the ines of their oppoſite 
fides, we ſhall have, fn. C: fn. B:: fin. AB: fin 
AC, and n com ponendb et arvidenao, ſin: 
C44 fir. B: fn. C in. B:: fn. AB u. AC : Jin. 
AB -in. AC; which proportion will, by ſubſti - 
tuting for its ſeveral terms their equals, as given in 


C+B © „CB 
art. 91, 92, and 95, become, . = X col. | 
| 8 = en SETAC ABA 

Lang. lang. . 


Ne. 25 we RAE this pr erica by that which 


we before found, and ene he n 
—B 


C—B 
o 


quantities, we TE: Set, An. a 2 


W : 


| alſo, of. I 
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Jang. 1 BC * Lang. — — : Fang. — * tang. 


AB—AC_ | 
; likewiſe, if we multiply the a | 


of the A proportion of the firſt Theorem 


AB ＋ AC 
by tang. , and the conſequents by tang. 


BD—CD 

, we ſhall again get, tang. K BC x fang. 
AB+AC BD —CD AB-AC 
7 lang. * ang. ang. 


AB +AC BD—CD I 4 
7 . tans .* 7 Meien _ and therefore, ſince 55 


theſe two proportions have one common relation, 


we ſhall, 5 reaſoning ex quo, o obtain this analogy; ; 


* Nr , C— . . ,AB+AGC:. i 

In. . e Ls a Hang. 

BD—CD C+B 

3 or, by 3 the roots, Sin. — = 
S > AB+AC _ © * BB—-CD 


fn. : . a 3; by The 


1. tang. 1 L BC : tong. PE from whencethetruth 


of the firſt part of the There manifeſtly follows. 


2. We might prove by a ſimilar calculation that, 


7 CB .  AB+AC. 
Coſ. : cof. :: tang. + BC: fang. 
* for the whole a art af this calculation conſiſts in 
| 5 5 diſ- 


w N * 


* 


* Since bs the firſt part of the Theorem, 927 = fon. 
CB. CB. OB. ne 
ON 20 %. . : tang. 180 rang: SS and 


C= -B —.— . 
% N. : range + 


AB—- A AB+AC 3 
55 2 an ; therefore, 5 N 5 


l Ks. theſe 


TTT 

diſpoſing the two proportions which we multiplied 
together in ſuch a manner, as to obtain the ſquares 
of the ceſines of the quantities, C+B and C—3; a 
thing which is attended with very little difficulty. 
And hence the truth of the famous Theorem 
of Neper relating to both theſe cafes is clearly 


ſhewa. | | 
SG DO „ 


180. It is eaſy to perceive, that this Theorem 


may be applied in order to find the fides of any 
ſpherical triangle, whereof the baſe and the angles 
above it are known. It might alſo be uſed for the 
ſame purpoſe in the correſponding caſe of plane 
Trigonometry, after ſubſtituting the baſe, and 

the ſum or difference of the ſides, for the tangents 
of cheſe quantities. It may likewiſe be ob- 
ſerved, that the preceding demonſtrations carry 
along with them two other Theorems not altoge- 


ther unworthy our regard. The firſt is this; I 


— — —_— 


theſe two proportions together, we ſhall have, o/: * 


„„ B | AB—AC 
— : of. — : : tang. 1 BOX tang. ang. 
AB „„ . 

— . tang. Vat, from Thre. I. we ſhall get, 
| | 1... AB—AC AB TAC | 
ang. 3 B Cx tang. rang. X tang. 
BD—CD  AB=AC © . BD=CD 1 

r lang. DIET age. F===5-40d. cones 
C+B , C—-B 
ſequently, ex-£quo, cof.* „ mga Wl ©" "To 

AB— AC BD—CD C+B C—B 

7272 Des OED +. 

„ AB-AC BD—CD _ 1 | 
F a 3 tang. 4 BO ang. 


| on ——_ - 


angle is to the coſine of half the difference of the other 


to the ſum of the other tuo ſides; that is to lay, Sin. 


5 coſine of half the vertical angle is to the ſine of half the 


difference of the ſides is 10 the difference of the ſezments - 


1 cof. or ſin. L A: ſin. or coſ. 


| moreover have 1 
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any ſpherical triangle, the fine of half the ſum of the 
angles at the baſe is to the ſine of half their difference, 


as the tangent of half the ſum of their oppaſite ſiaes is 3 


to the tangent of half the difference of the ſegments of ; 
the baſe; and the ſecond this; The coſine of half the 9 
ſum of the angles at the baſe is to the cojine of half their | 
difference, as the tangent of half the difference of their | 
oppoſite ſides is to the tangent of half the difference of - 
the ſegments of the baſe—e—ezo—IMorcover, from 
this Theorem, and the conſideration that every 
right-lined triangle has the jum of 1ts three angles 
equal to two right ones, theſe two general analo- 
gies will ariſe; 1, As the ſine of baif the vertical 


two angles, ſo is the baſe or ſide oppoſite 10 this angle 


þ A: cof 


_ : : BC: AB+AC; and 2%, es the 


difference of the other two angles, ſo 15 the baſe to the 
difference of the oppoſite ſides; or, Cof. 4 A: fan. 5 - 
:: BC: AB—AC —— Laſtly, the two analogies, 
which we have obtained from the demonſtration of 
this Theorem, will give us this double analogy for 
any right-lined triangle, when the ſegments of the 
baſe are taken into conſideration ;, As the ſum or 


of the baſe, ſo is the cojine or ſine of half the vertical © 

angle to the ſine or coſine of half the difference of the 

angles above the baſe ; that is, AB AC: BDC 
BL Gin 


* 


l every ſpherical triangle, BAC, te ſhall Fig. 11. 
He c * 


ſe bibo andlegies z. 1%, as the fine of 
0 | balf 


* 8 


: . .FD=FE: 


„ SPHERICAL 


half the ſum ef the fiacs i elan any angle is to that 
F half their ſference, fo is the cotaugent cf half the 


included ang te to the taugent ef half the * of 
AAC AB—AC 


, . 


the other to angles'\ or, Sin. 


C-B 
: : cot. 1 BAC: targ. — ; and 2 as the eofine of 


Half the ſum of any two es: is to that of balf their 
difference, ſo is the cetangent of helf their included an- 


gle to the tan; ent & kalf the Jum of their 71 ite an- 
AC . 


gle ; that is to ſay, Co. - EN . n — 


C+B 
+ BAC : tang. E . 


DEMONSTRATION. 


In the triangle DEF, all the parts whereof are 


: {ſupplemental to thoſe in the triangle BAC, we 


| ED 
ſhall have, by the preceding Theorem, fn. 2 

| A E I ; 
An. ES, lang. 1 DE : tang. EE... Now, 


2 
in order to find what this analogy Will become 1 in 
the triangle BAC, let à and þ be two circular arcs, 
repreſenting, for inſtance, the angles E and D, and 
let zr be put =180®, then will, the ſupplements 


to thoſe angles be, 27 —4 and 2r—b, and half the 


b 
ſum of thoſe ſapplements, 272 — - — > 3\that is to 


fay, the ſupplement to half the ſum of the ſaid angles, 
aandb; en An. — Au. ee i 


and alſo, . — 3 == ; laſtly, ſince 
tang. + ſupplement of an arc cot. of half that arc, 


we ſhall have, rang. 4 DE= cot. 3 BAC, and, lang. 


r 


OO ET Oy We” . ̃⅛—cꝓA„!;. or — wy 


> os ah: ⁵ (v 


C— - 
9 . 1 . N „ N 


cc h 
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We might ſhew erat in the ſame manner, 
+D E—D 


that the proportion, cf. = === : co. bang. 


DE: tang. N would 8 che into this; Co/. 
AB+AC A3 AC, 2 B 


F cot. 4 BAC : tang. 
1 „ | 
: EC 8 0 4 U M. 
182. We may perceive, by inſpection only, that 


theſe two analogies may be applied in order to find 


the two remaining angles of a ſpherical triangle, 


wherein two of the ſides and their included angle | 
are known. We may likewiſe perceive, that the 
_ firſt "analogy, when applied to the correſponding 

caſe of right-lined triangles, will give the common 
_ nates "the ſum of the ſides is to their difference, ſo 


10 the cotangent of half their included angle to the tan- 


gent of half the difference of the oppoſite angles. 
With reſpect to the ſecond analogy, it is manifeſt. 


that, it cannot be applied toright-lined trian 8 


cot. 3 BAC then becomes equal to tang, © 


before obſerved. 


We might proceed to deduce 


other Theorems*, ſimilar to thoſe which we gave 
in the laſt Scholium ; only we think it better to leave 
to Learners the pleaſure of finding theſe out by 


their” own ingenuity. 


* * — 


3 They, who would ſee a rarlety of other properties, whe- 

ther in Plane or ſpherical Trigonometry, beſides thoſe which 
we have thought proper to ſpecify, may have recourſe to Mr, 
Emer/on's moit comprehenſive and ſublime Treat: ſe thereon ; 


Araki, we tae taey Will find their curioſity abdadantls: 
isfied | 


TA BLE 


„ be- 


cauſe in ſuch triangles the ſum of the three aged 
is neceſſarily equal to two right ones; which is a 
thing that can never prevail in ſpherical triangles, as 
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02. SPHERICAL 


CHAP. Bo: 


Containing the Graphical or. Ma Reſo- 
lation of arc Triangles. 


; e upon the nature of theſe Solutions. 
183. Eometers in general take very little notice 
of the Graphical or Geometrical ſolutions, 
and more eſpecially ſo, fince logarithms were in- 
vented; conſidering, that the Numerical ſolutions are 
by their means rendered ſuſceptible of the greateſt 


fimplicity, and that a much greater preciſion can be 


_ thence obtained, than can poſſibly be expected from 
conſtructions; becauſe, the preciſion in this caſe de- 
pends conjointly upon the art of the perſon who 

conſtructs, and the goodneſs of the inſtruments 

wherewith he conſtructs. We ſhould therefore 
have paſſed over this part entirely in filence, had 
it not been for the following conſiderations. 

1. Geometrical ſolutions, though not altogether 

exact for the reaſons juſt aſſigned, yet nevertheleſs 

appear ſtrictly ſo to the mind, as being founded 
upon the moſt approved and well-known truths of 

Geometry. 29. There are ſeveral caſes, wherein 

all the preciſion of calculation is not abſolutely re- 


quiſite, and the facility of theſe operations very 


conſpicuous ; as, when we would apply certain 


obſervations (whoſe accuracy we did not greatly 


regard) to the ſetting of a plan or walk according 
to ſome point of the compals ; or to Dialling, in 


order to pave the way to a more perfect operation 


afterwards. 3. There are Theories in Aſtronomy 
which are funded upon theſe ſolutions ; and alſo, 


caſes 
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caſes of Pilotage, wherein they may be found of 
no inconſiderable uſe. They may likewiſe ſerve 
to conduct us in calculations, wherein We might 


be afraid of committing ſome miſtake ; and, if we 


apply the Algebraical analyſis to them, we may 
be enabled to diſcover a great number of new ſo- 


lations, which will not only ſerve to illuſtrate this 
part, but alſo lead us to ſome very elegant ſoluti- 


ons of caſes in practical Aſtronomy, which would 


prove very complicated by other methods; as we 
ſhall endeavor to prove in the ſequel by their appli- 
cations to various Problems. The formulæ, which we 
ſhall by this means obtain, will, if compared with the 
Synthetic ſolutions, point out to us ſome remarkable 
differences betwixt Syntheſis and Analyſis; and at the 


ſame time ſerve to increaſe the diligence of Learn- 
ers, by putting them into a method of finding ſolu- 


tions deduced from Geometrical conſiderations. 


In the laſt place, it may be obſerved that, formu- 
- Iz in general are much more {imply and elegantly 


inveſtigated, when the calculations are founded 


upon Geometrical conſtructions, than when upon 


ſubſtitutions purely Algebraical ; as will eaſily ap- 


pear to any one, who will take the trouble of com- 


PROBLEM I. 


184. Given two of the ſides, AB, AC, of a /phe- 

rical triangle, BAC, with their included angle, A; to 

| find 1%, either of the angles above the baſe, and 2, 
the baſe itſelf or third fide, BC. > 


SOLUTION. 


Upon the plane of the circle ABRD let there 
be taken the arc AB equal to one of the given ſides 
18 f ; | of 


paring our ſolutions with thoſe, which Mr. De la 
Caille hath given for the ſame formula. 


Fig. 17: 


x04  S$PHERICAT 
of the triangle BAC; to the centre G let the radii 
AG and BG be drawn, and through it the diameter 
_ rGR perpendicular to the radius AG; alſo, let 
there be taken on each ſide of the point A the arcs, 
AL, AJ, equal to the given fide AC, and through 
the extremities of theſe arcs the chord LI drawn: 
then, at the centre G let the angle DGR be made 
equal to the given angle BAC; and, letting fall 
from the point D the perpendicular Dd upon the 
diameter Rr, let CH be taken a fourth proportion- 
al to the lines, 7G, dD, IH; and the point C will, 
as we have already obſerved i in art. 160, be the 
projection of the angle C. This being done, in 
order to find one of the angles, as B for inſtance ; 
through the point C draw the chord FCXF, as 
_ alſo Th diameter MGm, perpendicular to the radius 
GB, and make, RF: XC: : GM: Gn; then, 
through the point , thus determined, draw the line 


IN perpendicular to GM, and terminated by the 


circumference at N, and the arc MN will be the 
meaſure of the angle B. The angle C might 

be found by an exactly ſimilar operation, by 
taking AC upon the plane of the circle ABRar in- 

ſtead of the arc AB. Q. E. 1. I. 

29%. The third ſide BC is wanifeſtly equal to 
either of the arcs, BF or Bf; ſince the three arcs, Bf, 
BC and BF, contain all the ſame number of de- 
grees, as being compriſed betwixt the ſame point 


E, and a leſſer circle perpendicular to the radius 
GB, Q. E. 2. J. 


S HOL Tun 1. 


1385. The demonſtration of this 1 8 
an evident conſequence of the nature of the pro- 
jection which is here made uſe of, and already 
* in art. 160.— — But, inſtead of repeating 


the 


= 2 tangents of the ares AC and BC. 
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| the operation for obtaining the value of the an- 


ole C, we may likewiſe find it by the following 


eaſy method; which, in order to avoid too great an 


extent of the figure, we ſhall only barely point out; 
Through the extremities L and F of the arcs AL 
and BF, reſpectively equal to the ſides AC and 
BC, draw two tangents to meet the radii AG and 


BG, produced as far as neceſſary ; then from the 
points of their interſection as centres, with theſe 


tangents as radii, deſcribe two circular arcs, and 


from the point where they cut each other draw two 


radii to the ſaidcentres, and the angle which is con- 
tained betwixt them will be equal to the angle C: 
the reaſon of which conſtruction will evidently ap- 
pear from this conſideration ; that the angle which 
15 contained betwixt two planes is equal to that 


which is formed by two lines perpendicular to 


their common interſection; as are in this caſe the 


Ce Scnorivnm Il. 
186. Having taken, as before, the arcs, AL, AJ, 
each equal to the ſide AC, the projection of the 


angle C may be determined without making uſe 


of proportionals, in the following manner. From 

the point H as centre, with the radius HL, de- 
{cribe a ſemieircle Le; alſo, at the ſame point 
make with the radius HL an angle LH equal to 


the given angle BAC, and from the point c, where 
the radius Hc cuts the circumference, let fall the 


perpendicular C upon the diameter IL, and the 
point C will be the projection ſought of the angle C 
of the triangle BAC; only e that, if the 
angle at A be obtuſe, the point C will fall upon 


_ Hy; but, if acute, upon HL. — The pro- | 
jection of the angle B may be found with equal fa- 


1 a 


106 Ae 
cility: for if, upon the line /H, produced if ne- 
ceſſary, Cx be taken CX, and, from the point e 
to x, the line cx be drawn, the angle cæxL or cx/ 
will be equal to the angle ABC, _ 
No in order to conceive the reaſon of this con- 
ſtruction, we muſt have recourſe to fg. 16, and 
we ſhall therein perceive, that the angle CHL is 
equal to the angle BAC, becauſe the lines, CH. 
HL, are both perpendicular to the common inter- 
tection, AG, of the planes, GAB, GAC; and 
conſequently, the angle cHL equal to the angle 
CHL. We ſhall allo perceive, that in the trian- 
gle-CXe (right-angled at e) the angle CXc, con- 
tained between the two lines, cX, CX, perpen- 


dicular- to the common interſection, GB, of the | 


planes, BGC, BGA, is equal to the angle ABC: 

but, according to our method of conſtruction, the 
 TFight-angled triangle Cx in Ag. 17, is perfectly 
equal to the triangle Cc in g. 16, and of courſe 
the angle at x in both equal likewiſe. 


ScyHoliuM IN. 


187. If we confider the 17th figure with a little at- 
tention, we ſhall find that any triangle, ABC, deter- 
* mines therein three other triangles, which may be 
regarded as its correſpondents ; viz. BC, BaC 
and AC; each of which hath one angle either 
common with or equal to one of the angles, and its 
other angles fupplemental to the other two, in the 
triangle BAC; as alſo, two of its ſides ſupplemental 
to two of the ſides of the ſaid triangle, and one 
fide equal, viz. that which is oppoſite to the equal 
angle: and as theſe triangles contain all the vari- 
atians which the given parts of a Problem can poſ- 
ſibly admit of, it may not be improper by way 
of exerciſe, and in order to underſtand * mo | 
4 — 


"© "0 Ga 
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tively. 
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fectly the nature of conſtructions, to make applica- 


tion of every particular caſe to each of them reſpec- 


l PROBLEM II. = 
188. Given two of the angles, A, B, of a ſpheri- 


cal triangle, BAC, with their adjacent fide, AB; to 
Fnd, 19, the other two ſides, and 29, the third angle. 


Having taken upon the circle ARDar the arc 
AB equal to the ſide given, and drawn to the cen- 


vie G the radii, AG, BG, erect the lines, Gr, 
GM, reſpectively perpendicular thereto ; then 


take the arcs, MN, RD, reſpectively equal to the 
angles at B and A, and having drawn the ſines, Nu, 
Da, with the ſemi-axes, GB and Gu, GA and Ga, 
deſcribe the ſemi-ellipſes, Bub, Ada; and their point 
of interſection, C, will be the projection of the an- 


dite C of the ſperical triangle BAC ; then through + 


this point let the chords, CL, fCF, be drawn per- 
pendicular to the radii, GA, GB, and they will 
give the arcs, AL, Al, equal to the fide AC, and 
the arcs, BF, Bf, equal to the fide BC. Q. E. 


"et The fides AC and BC being thus obtained, ; 


the angle C may be determined by either of the 


methods of ſolution given in the preceding Pro- 
blem. Q. E. 2. J. 8 a 


PR O BLEM I. 


> 189. Given two of the fides, AB, AC, of a ſpbe- pi. 1 
rieal triangle, BAC, with an angle oppoſite to one of 2. 17 


them, to find 1, the third fide, and 25, the other twe 
Ba. F x - FIRST 


int. 8 HERICAI. 
| SHS ICS 1. 


Let us ſuppoſe the angle given to be, B. and 
alſo that it is known of what affection the angle A 
is, which is included betwixt the given ſides, AB, 
AC. Then in the firſt place, take upon the plane 
of the circle ABRar an arc, AB, equal to the given 
ſide AB, and draw the radii, GA, GB : which 
being done, through G draw M m perpendicular 
to he radius GB, and take G thereon equal to the 
cone of the angle B towards M, if the angle BAC 
be obtuſe, or Gv equal to the ſaid co/ine towards 
m, if acute; and with, Bb, uv, as axes, deſcribe 
the ellipſis End v. In the next place, take upon the 


cCircumference of the ſaid circle on each ſide of the mh 
point A the arcs, AL, Al, equal to the other given fr 
fide AC; then draw the chord Li, and through th 
the two points, C, C, where it cuts the ellipſis | a 
Bnubv, draw the lines, NX, C, perpendicular th 
to the radius GB; and they will give the arcs, BY, 8 
Bo, equal to the third ſide BC, according as the re 
oppoſite ** A is ee to be obtuſe or acute. to 

Q. E. 10. | | ac 
. — nee in order to find the angle A 3 e ſti 
deſcribed the ſemi- circle KL upon the chord L/ fo 

as diameter, and drawn the ordinates, Cc, C'c/ dr 
draw alſo from the point H the lines, Hc, He, and W 
they will give the angles, LHc, LHc, equal to th 


angle A, according as it is obtuſe, or acute — The 
angle C may be found by the conſtruction in ar, 


485, Q. E. 2. J. 
Sorvr ion II. 


f we ſu ppoſe the ſides AC and BC with how an- 
le B o — to the ſide AC to be given, we may 
be the Problem by # a different (though not more 
| COm- 


- complicated than the preceding) method, asfollows. 


and through this point and the centre G draw the 
diameter BG#; perpendicular to which draw the 


plane of the circle ARar) will be the projection of 
the angle C. In the next place, through the cen- 


the line GC as diameter deſcribe a circle; then, 


G5; and they will give, AB, or B, for the ſide 


draw through the point X a radius which may make 


the extremity thereof let fall a perpendicular upon 


L.A. 4 —_ og erin Wee may 


laſt Problem. El. 


2% "oo third / a and 30, the third angle. 
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Firſt, aſſume any point, B, upon the circumference 
of the circle ABRar for the vertex of the angle B, 


diameter Mon, and take G thereon equal to the 
coſine of the given angle B; then taking on each 
ſide of the point B the arcs, BF, By, equal to the 
proven ek fide BC's and drawing the chord F/, make, 

FX: XC; and it is evident, that the 
point C if nate by this proportion upon the 


tre Gand point C draw the radius GCP, and upon- 


from the centre G with the radius GH, equal to 
the cœſine of the given fide AC, deſcribe an arc of 
a circle, and through the points, H. þ, where it cuts 
the circle deſcribed upon GC, draw the lines,GHA, 


required, according as the unknown angle oppoſite (7 
to the given ſide BC is ſuppoſed to be obtuſe or 55 
acute - We may likewiſe find Melia point C bya con- 
ſtruction exactly ſimilar to that given in art. 186: 
for, if we deſcribe a ſemi- circle upon the chord f E, 


with f X an angle equal to the angle B, and from 


the ſaid chord FF; the point C will by this means 
be determined independent of proportionals. 
The angles A and C may be determined as in the 


PROBLEM IV. 


190. Given two of the angles, A, B, of a ſpherical Fig. 17. 
triangle, BAC, with a ſide, AC, oppoſite to one of 
them; to find, 1, the ſide oppaſi te to the other angle, 


80. 


CA 


no. SPHERICAL. 
SOLUTION. 


Through any point, A, upon the circumference | 


- of the circle ABRar let the diameter Ada be drawn, 

and perpendicular thereto the diameter GR. 
This done, on each fide of the ſaid point let the 
arcs, AL, Al, be taken equal to the given fide 


AC, and the chord LI drawn; upon which as di- 


ameter let the ſemi-circle KI. be deſcribed, and 


- from the point H the radii, He, H, drawn fo as 


to make with LH an angle equal to the given an- 


gle A, according as it is obtuſe or acute: then 
05 the points, c, C, let fall the perpendiculars, 


, ad: they will determine the points, C, 


C. for the projections of the angle, ©, or C'. In 


the next place, from the points, c, c „let the lines, 


cx, Cx, be drawn ſo as to make with the ordinates, 


Cc, Ce, the angles, Cex, Ce, equal to the com- 
lement of the 2 given angle B; this done, let the 
line GCP be drawn, and upon CG a circle, GHCh, 


. deſcribed ; after which, from the point C as cen- 


tre with a radius equal to Cx (equal, by art. 186, to 
CX, whoſe poſition will determine the ſides requir- 
ed) deſeribe a circular arc interſecting the former 
circle in two points X; then the fide AB will be 
obtained by drawing the radius GXB ; and a chord, 

FEXF, drawn through the points, X, C, will 
give the arcs, Bf, BF, equal to the third fide BC. 


conſtrudtion in art. 185, Q. E. K. 
Sc HOL M. 


1. If the angles A and B be both acute, the 


li a (and thence BE ee) wilt de er- 


mined by means of the point X, which is found in 


the quadrant AGr. It is cqually manifeſt that, if 


we. 


The third angle may ſtill be determined by the ; 


oP 
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we ſuppoſe a cirele to be deſcribed upon C'G, and 


the line C' x to be inſcribed therein, we ſhall ob- 


| tain two other ſolutions of this Problem; viz. 


one, when the angle A in the triangle BAC is 
acute, and B obtuſe; and the other, when the an- 
gles at A and B are both acute, and that at C 


_ obtuſe. — We have omitted drawing the ſeveral 


lines neceflary to the demonſtration, through fear 
of rendering the figure too confuſed. 


-  PnopsLi rar: 


. Given the three fides of a ſpherical triangle, Fig. 177 
BAC; #o find one of its angles. 2 


Sinn | 


Having taken upon the plane of the circle 
ARar the arc AB equal to one of the given ſides, 
and drawn through the extremities thereof, A, B, 


the radii, AG, BG; take on each fide of the point 


A the arcs, AL, AJ, equal to the fide AC, and 
alſo the arcs, Bf, BF, equal to the third fide BC; 
then draw the chords, Li, E,, and their point of 
interſection, C, will be the projection of the angle 
C. This done, draw through the centre G the 
diameters, GR, GM, perpendicular to the radii, 
GA, GB; then find a fourth proportional, Gn, to 
the lines, FX, CX and MG, and through the point 

1 (which will by this means be determined upon 
MG) draw the perpendicular N, terminated by 
the circumference at N, and the arc MN will be 
equal to the meaſure of the angle B. In like man- 
ner, find a fourth proportional, Gd, to the lines, 
H, CH and 7G, and through the point 4 (thus 
determined upon G) draw the perpendicular aD, 
and it will give the arc RD equal to the angle at 


v * 


__ | tain e ſolutions of all the caſes of 


——— — 


Fig-- 11. 


oblique 


% SEAL 
A. —The angle C might be found by an exactly 


fimilar conſtruction, by taking the ſide AC upon 
the circumference of the circle ARar inſtead of 


AB. QE.1 


SoruUTION- I. 


lf we would ſolve the Problem without making | 
uſe of proportionals, it may be eaſily effected thus. 


Having found, as before, the point C by the inter- 


ſection of the right lines, JL, Ef, upon LJ as dia- 


meter deſcribe the ſemi-circle LK 7, * through 
the point C draw Cc perpendicular to the ſaid 
diameter; then from the point c to H draw the 
line cH, and it will give the angle cHE equal to 
the angle at A. In the next place, take Cx CX, 
and draw the line cx, and the angle cxC will be 
equal to that at'B,—The angle C might be found 


by a ſimilar n ᷣ ee, Q E. I. 


Eq YT BLEM VI. 
193. Given the three angles of a WH tri- 


angle; to find one of its ſides. 


SOLUTION. 


Make a triangle DEF, which may have i its three 
ſides ſupplemental to the angles of the given trian- 


_ gle; then, by one of the conſtructions in the pre- 


ceding Problem, find the ſeveral angles of this tri- 
angle, and they will be the eee to the ſides 
required. Q. E. I. 
General Scholium for the foregoing ſolutions. 
194. It is manifeſt that the fix Iaſt Problems con- 


ngled ſpherical triangles; but the con- 
's ſtructions 
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1 ſtructions may be equally (only with much greater 
id _ ſimplicity) applied to right-angled triangles. We 
0 have omitted giving the demonſtration of every 


particular ſolution, ſeeing they may be all deduced 
as ſo many Corollaries from the general conſtructi- 
on of the orthographic projections alreadyexplained 
in art. 160, and laid down in fg. 16 ; the perfect 
18 underſtanding of which being once ſuppoſed, all 


IS. the ideas neceſſary to a complete demonſtration of 
r- theſe ſolutions will follow of courſe.— We ſhall 
la- now ſubjoin ſome ſelect Problems relative to this 
gh kind of projection, as being that whereof the great- 
- eſt and moſt frequent uſe is made in Aſtronomy. 
the „„ | 
to X PROBLEM VII. £1 
3 195. Given the elliꝑſis which is the orthographic projec- 
a tion of a great circle, to find upon the plane of projection 
8 885 the appearance of the pales of this circle; and contrari- 
ty, having the projected poles of a great circle, to find 
the elliꝑſis which is the projection of the ſaid circle. 
tri- Fea; SOLUTION; Do. N 
Let us ſuppoſe the right line Aa to repreſent the Fig. 19. 
plane of the great circle of the ſphere, upon which 
the e hg projection of all the points of the 
ee ſpherical ſurface is made, and that Pp, perpendicu- 
dun- lar to GL, is the axis of the circle to he projected, 
pre- which will conſequently be repreſented by GL; 
. then it is evident, that the circle, ABab, which 
Ne paſſes through the poles, P, p, of the circle to be 
* projected, will be perpendicular to the plane of pror 
| jection. This being premiſed, if we let fall the per- 
pendiculars, Pe, Gg, it will eaſily appear that, 
LIES will be the projection of the pole P, and g that f | 
0 the extremity G of the diameter GL of the circle to 


con- be projected: but, ſince the angle GO is a right 
5 VVV one, 


a 


wy. SPH-E R1ICATL: 


one, the angle GCA will be the complement of 5 
the angle «CP, which denotes the elevation of the — 
pole above the plane of projection; and there- t, 
fore, it follows that, the diſtance Cw of the projec- 0 
tion of the pole P of a great circle C is equal to the t 
co/ine of the elevation of the ſaid pole above the „ 
plane of projection, or, which is the ſame, to the f 
Aneof the elevation of the circle to be projected above 5 
the plane of projection; and that half the leſs axis of 1 
the ellipſis, which is the projection of this circle, is 1 
equal to the fre of the elevation of the pole above 

the plane of projection. Q. E. I. i „ 


. PROBLEM VIII. N 
196. To find the dimenſions of the ellipſis, which is 
the orthographic prejettion of a leſſer circle of the ſphere. 


SOLUTION. 
Fig. 19. Let the line MON repreſent a diameter of the 
leſſer circle, whereof the orthographic projection 
is required; alſo, let this line be perpendicu- 
lar to the axis Pp, and the leffer circle, which 
it repreſents, will be parallel to the circle GL, 
. whereof Pp is the axis: then from the points, M, 
O and N, let fall the perpendiculars, Mm, Oo and 
Nu, upon the line Aa; and, it is manifeſt that, 
the point o will be the centre of the ellipſis, which 
is to be the projection of the leſſer circle MN paral- 
lel to GL, and um the leſs axis thereof. This be- 
ing premiſed, on account of the fimilar triangles, 
CP, COo, we ſhall have, CP: CO: : CS: Co; that 
is to ſay, As radius is to the fine of the diſtance of the 
Iſſer circle from the great circle to which it is parallel, 
F is the caſine of the elevation of the pole of the ſaid great 
' tircle above the plane of projection to the diſtance Co of 
the centre © of the ellipſe to be deſcribed from the centre 
C. The ſimilar triangles, GCg, MOR, likewiſe. 


JJ A . ¼ ⅛ OE ˙ . Www © 7 WY © PROT A_ 
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give, GC : Cp: : MO: OR or om Son; that is, A 
the fine total is to the fine of the elevation of the pole of 
the circle GL above the plane of projection, ſo is the 
fine of the diſtance of the leſſer circle from the ſaid pole 
to half the conjugate axis of the elligſis which is to be 
deſcribed, and whereof the tranſverſe axis is mani- 
feſtly equal to MN. The point m might alſo 

4 Sand by taking Cm equal to the ſine of the dif- 
rence of the arcs, MG, BG; and conſequently 


the ellipſis ſought, deſcribed. Q. E. I. 


l of the two laſt Problems to the proj aktien 
uiſed in the Theory of Eclipſes. 


The Earth being ſituate at a prodigious 
Aſtance from the Sun, all the rays which come from 


thence hither may be conſidered as parallel; and 


if we imagine a plane perpendicular to the ray 
which iſſues from the centre of the ſun to that of 
the earth, this plane (which will cut the ſphere 
into two equal parts) will repreſent the difk of the 
earth as appearing from the ſun ; alſo ſeparate the 


_ enlightened from the darkened hemiſphere, and 


laſtly have all the points of the hemiſphere expoſed 
to the ſun projected orthographically upon it. This 
being premiſed, if, P, p, repreſent the poles of 
the world, the line GL will denote the equator ; 
the little circle MN will be a parallel whereof GM 


is the Geographical latitude ; the circle ABab will 


be the circle which Aſtronomers call the univerfal 
meridian ; the line BC will repreſent the ray which 
comes from the centre of the ſun to that of the 
earth, and conſequently the arc BG be the ſun's 
declination ; ; the line ACa.will be a line perpendi- 
cular to the plane of the circle Bæb, which has the 
axis of the ecliptic projected upon it at the ſolſtices, 
and makes with the ſaid axis an angle equal to the 
obliquity of the ecliptic at the equinoxes; = 


occur in Aſtronomy, but particularly in the deter- 
mination of the tranſits of the planets over the ſun's 
diſk, we ſhall here give the method of delineating 
upon the illuminated diſk the parallel of a place, 
whereof the latitude is known, according to the 


F 72 20. | 
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will repreſent the circle upon which all the points 
of the earth ſeen from the ſun are orthographically 


projected, and laſtly, aP be the elevation of the 


pole above the illuminated diſk, and manifeſtly 
equal to the ſun's declination. Now if, after theſe 
definitions, we would deſcribe the ellipſis which is 
the projection of the parallel MN, it is evident 


that, the Problem will be exactly the ſame with + 
that in the laſt article; except that the analogies, 


which we there gave for finding the centre o and 
half the leſs axis of the ellipſis to be deſcribed, will 
here be expreſſed thus: 1%. As radius is to the 


fine of the geo;raphical latitude of the parallel, ſo is tbe 
cofine of the ſun's declination to the diſtance Co; and 29. 

As the ſine total is to the fine of the ſun's declination, 
ſo is the coſine of the geographical latitudeof the parallel 
zo half the conjugate axis of the ellip/is which is the pro- 


Jection of the ſaid parallel*. | 
198. As theſe graphical ſolutions very frequently 


foregoing principles. © 


on is to be made. Through any point, A, taken 


upon the circumference thereof, draw the diame- 
ter Aa, and on each fide of the ſaid point take the 


arcs, AP, Ap, equal to the ſun's declination for 


the time when the projection is required: then 


draw the chord Pp, and the point , where it cuts 


the diameter Aa, will evidently be the projection of 
. | | the 


r ENT © 


® For further ſatisſaction ſee Mr. De Ja Landes Aſtronomie, 
p. 700; &c. . S | 5 


Let AG be the circle upon which the projecti- 
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the pole P. In the next place, draw to the point 
P the radius CP ; perpendicular to which draw 
the diameter /ECQ, and it will repreſent the equa- 
tor: then, from the points, Q, E, take the arcs, 
Q, XL, equal to the latitude of the place (to- 
wards. A if it be of the ſame denomination with. 
the ſun's declination), and draw the chord LI, 
cutting the diameter Pp' in the point K; through 


which draw H parallel to Pp, and it will give O 


for che centre of the ellipſis to be deſcribed. | This 


done, take CN equal to the /ine of the difference of 
the arcs, AP, AL, and ON will be half the leſs 
axis of the required ellipfis, whereof Mm equal to 
Ll is the greater axis: therefore, if we take OA 
ON, and upon the axes, Mm, Nu, deſcribe an 
ellipſis MN mz, it will be the projection of the pa- 
rallel given for the day when the ſun's declination 
is equal to the arc AP, as alſo touch the circle 
AGadQ in two points, G, I; Through which if we 
draw the line GI (perpendicular to the radius CA), 
and reduce the arc GNT into hours, minutes and 
ſeconds, we ſhall get the length of the day for the 
ſaid parallel at the time when the declination is 
equal to the arc Ap. e 
199. The projection of the equator upon the 
plane AGaQ may likewiſe be eaſily found, for if, 
from the extremities, E, Q, of the diameter Q. 
which repreſents the equator, we let fall the per- 
pendiculars, ES, Qs, and upon the axes, Bb, Ss, 
_ deſcribe the ellipſis B85 5, it will ſnew the projec- 
tion of the terreſtrial equator as ſeen from the ſun 
at the time when the declination is equal to the 
arc AP. | Ws. | | 
200. We may allo find upon the ſame plane the 
projection of the ecliptic, as well as of the equi- 
noctial points, But in order to this it muſt be ob- 
85 | : | ſerved, 
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ſerved, that, as the axis of the equator makes al- 
ways with that of the ecliptic an angle equal to the 
obliquity of the ecliptic, the pole P vill deſcribe 
round the axis of the ecliptic the circumference of 
a leſſer circle, which will have its radius equal to the 
Inne of this obliquity, and be the baſe of a cone whoſe 
perpendicular height is equal to the co/ine of the 


ſaid obliquity, taken upon the axis of the ecliptic : 


therefore, if upon the line C®, as diameter, we de- 
ſcribe a ſemi-circle CVæ, and inſcribe therein a 
line CV equal to the co/ine of the obliquity of the 
ecliptic, and then draw the line VCr, we ſhall by 
this means manifeſtly obtain the axis of this great 
circle. Moreover, ſince the ſun is always in the 


plane of the ecliptic, it is evident that this circle 
muſt be repreſented by a right line ; conſequently, 


if ECT be drawn perpendicularly to its axis RCr, 
this line will be the projection of the faid circle, 
and the points, , A, where it cuts the ellipſis BSbs, 


|  thofe of the equinoctial points. In the next place, 
if through the point Y we draw the ordinate YF 


perpendicularly to the diameter Bb, it will deter- 
mine the arc aF equal to the ſun's right aſcenſion; 
and, if we alſo draw through the ſame point the 
line D perpendicularly to the diameter ECT, the 
arc 7D will be the meaſure of the ſun's longitude. 
e might proceed to find with equal facility. the 
appearance of the ſolſticial points, both upon the 
equator and ecliptic z only we think it unneceſſary 
to inſiſt any longer upon this head, ſince it is ſuffi- 
cient for our purpoſe to have ſhewn how eaſily 
the orthographic projections may be applied to 


the principal Problems of ſpherical Aſtronomy. 


We ſhall obſerve however, that ſeveral Aſtronomers 
ſeem-not to entertain a ſufficiently juſt idea of the 
nature of theſe conſtructions; for, whilſt ſome re- 


ject. 


Ld 
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ject them entirely, as deſtitute of a requiſite exact- 
neſs, others there are on the contrary, who place 
too much dependance upon them : the uſe, which 
we think ought to be made of them, 1s that, which 
is generally made of all Geometrical figures; viz. 
to conduct the mind in the reſearch of numerical for- 
mulæ by the application of Algebra, or the gene- 


ral rules of Trigonometry : for which reaſon, and 
that the Theory of this kind of projections may be 


the better illuſtrated, we ſhall annex a few Corol- 
laries upon the foregoing Problems. e 
COROTLARAVY I. 


201. It follows from the laſt Problem, that in 
order to determine upon any ellipſis, which is the 


projection of a great circle, an arc which may 
contain any number of degrees, and alſo com- 


mence at a certain point upon this ellipſis; we 
need only let fall from the given point a perpendi- 
cular upon its tranſverſe axis, and produce it to 
the circumference of the circle deſcribed upon this 
axis as diameter; then, from the point where the 
circumference of the ſaid circle is cut by this per- 
pendicular, ſet off an arc equal to the number of 
degrees given, and afterwards from the extremity 
thereof let fall another ordinate upon the tranſverſe 
axis of the ellipſis, and there will by this means be 
determined upon the periphery of the ellipſis an 


arc containing the number of degrees aſſigned. 


ConotLlitlany It 


202. If the arc is to contain 90: having let fall 
from the given point a perpendicular upon the 
tranſverſe axis of the ellipſis, we need only take on 
the ſaid axis, on the other ſide of the centre, a line 

i : . 
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equal to the ine of the arc comprehended betwixt . 
that extremity of the axis which is neareſt to the 4 
given point, and the perpendicular or ordinate ' tl 
Fig- 21. which paſſeth through this point. For example, x9 
| if we would determine upon the ellipſis AC da an 1 
arc of 909, commencing at the point C; we need 
only take the line Ga equal tothe ſine IH of the arc Ce 
AI=AC, terminated by the ordinate which paſles 7 
through the point given, and then at the point , by 
thus obtained, erect the perpendicular /, and it will 2 
give upon the ſaid ellipſis the arc Ci equal to 90. 5 x 
In like manner, if, upon half the greater axis Gb £ 
of the ellipſis BC, we take the line Go equal to | Q 
the ine EX of the arc BF=BC, and erect the per- | f 
pendicular f, we ſhall get upon this ellipſis the "| 
arc CF = 90. | „ tl 
3 CoroLLany III. wo 
203. From what has been already ſaid, it will 
be yery eaſy to find upon the plane of the circle 0. 
ABRar the meaſure of the angle Cor BCA; for, , 
as every ſpherical angle is meaſured by the arc of A 
a great circle compriſed betwixt its ſides, and de- 1 
ſcribed from its vertex as pole, it is manifeſt that the fe 
whole difficulty will conſiſt in defcribing the ellipſis Pe 
Q. which is the projection of the great circle 
whole pole is at C; the method whereof is as fol- 
lows. Through the point C and centre G draw | 
the diameter PCGp, and perpendicular thereto of 
through the ſame points the lines, G'Cg”, QGg ; P 
then take upon Gp a part, GS, equal to GC, which tl 
is the ine of the elevation of the point C above the Je 
pPlwane of projection, and this line will be half the P. 
Jeſs axis of the ellipſis which is the projection of P 
t 


the great circle whoſe pole is at C: then the points, | 
7. f', where this ellipſis cuts the ellipſes, Ada, a 
1 | | Bub, | 


the ſaid pole e if we take upon the radius 
R on 
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Byb, will determine the arc f'/, whoſe. correſpon- 


dent, E, upon the circle ABRar, contained betwixt 


the ordinates, y A, Po, 53 be the meaſure of the 


| angle at C. 


.CoroLlLary IV. 
204 But, i in order to find the 3 of the an- 


gle C, it may be eaſily perceived that, it is not ab- 


ſolutely neceſſary to deſcribe the ellipſis which is 


the projection of the great circle whereof this angle 
is the pole: for, having determined, as before, 


the points, /, F, upon the ellipſes, ACa, Bub, if 


from theſe points we let fall upon the diameter 
ö g perpendicular to GCP, the ordinates, JA, 


; their prolongations to the circumference of 
the circle ARar will determine the arc 25 equal to 


the meaſure of the angle C. 


Gene IX. : 


| 205. Te 0 find upon the ſurface of the tircle ABRr; * 21. 
1, the projection of the arc A let fall from the ang 2 
A perpendicularly upon the oppoſite fide BC; 2*, the 


values of the ſegments, BY, CN of the fide BC; 3®, the 
ſegments of the angle BAC, and 42 ” TT value of the 
| e Ax. 


6 BP 
* 


SOL U T I O N. 
Since the arc, whoſe projection we Teek, is part 


of a great circle of the ſphere paſſing through 8 


point A, it is manifeſt that the line AGa will be 
the tranſverſe axis of the ellipſis which is the pro- 
jection thereof: moreover, ſince this circle is to be 
perpendicular to the ſide BC, it muſt neceſſarily 


paſs through the pole of this arc, and of conſequence 


the ellipſis required alſo through the projection of 


T0 
Gm a part GZ Nn, the point Z will, by art. 195, 
be the pole of the arc BC, as well as one of the 
points of the ellipſis to be deſcribed; then, if 
through this point Z we draw a line Z perpendi- 
cularly to the diameter Aa, and produce it till it 
meets the circumference of the circle ARar in a 
point 8, and likewiſe take upon RG a line, Ge, a 
fourth proportional to the lines, 9% CZ and RG; 
the ellipſis Ag deſcribed upon the ſemi-axes, GA, 
Ge, will be the required projection of the circle 
perpendicular to BC. Q. E. 1“. 1. 


29, If through the point 3, where this ellipſis : 


cuts the ſide BC,, de be drawn perpendicularly to 


the radius GB, the arcs, Tu, Ba, will be the ſegments 


of the ſide BC. Q. E. 20. I- 
3. If at the point e, we raiſe „ perpendicularly 
to the radius GR, the arcs, Ro, Do, will be the 
meaſures of the ſegments, BAz, CAs, of the an- 
eeAC OE >: ye 
4*. Laſtly, if through the point 3 we draw the 
. ordinate «3, perpendicularly to the radius GA, the 
arc A» will be the value of the perpendicular Az, 
ES 15. Sos 

| Sent ien I. .- 


206. If it was required to determine the projeCti- 


on of the circle, which ſhould divide the angle 
BAC into two equal parts, it might be effected by 


an exactly ſimilar conſtruction; by taking upon 


the radius GR a line, GE, equal to the co/ine of half 


the angle BAC, and deſcribing an ellipſis upon 


GA and G as ſemi-axes. 


If the perpendicular 


was ſuppoſed to fall from the angle C upon the ſide 


AB, produced as far as neceſſary, the Problem 
might then be ſolved by means of the conſtruction 
given in art. 203. Laſtly, it is manifeſt, from the 
conſtruction of this Problem, that the arc Ra 
equa 
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equal to the arc As, perpendicular to the ſide BC, 
ſince the arcs, AR, 6, each 9go?, have the part R 


common. 1 1 
. Senor w- 


207. This conſtruction naturally leads us to a 


very ſimple and very elegant demonſtration of one 


of the famous andlogies of Neper, nearly reſem- 
bling that which he himſelf hath given us in his 


Treatiſe entitled, © Logarithmorum mirifici Canonis 


Conſtructio. Having determined the ſeveral 
parts ſpecified in the foregoing Problem by the 
method above given, at the extremity, A, of the 


diameter Aa erect the indefinite perpendicular AA; 


then from the point B as pole, with a circular ra- 
dius equal to the arc BC, deſcribe a leſſer circle 


upon the ſurface of the ſphere, and it will mani- 


feſtly paſs through the points, L, C, c and 1: 


Fig. 22. 


moreover, through the points, C, c, draw the 


right lines, FCf, ewco parallel to the tangent AK; 
and it 1s evident that the arc Af will be equal to 


the arc AC, as alſo the arc Ao equal to the arc Ac, 
which is the difference of the ſegments, A), C, 


formed upon the ſaid arc AC by the perpendicular 
By. This being premiſed, if we in the next place 
draw from the point à through the points, L, I, f 


and o, the right lines, LA, a>, af K and ao, and 


produce them to the tangent Aa; it will eaſily ap- 
pear that the four points, A, >, K and E, will be 


in the circumference of a circle deſcribed upon the 


plane repreſented by Aa, and touching the ſphere 
at A, and that this circle is the baſe of an oblique 
cone whoſe vertex is at a. To demonſtrate which, 
it will be ſufficient to prove that the ſection of a 
cone, which has for its baſe the circle deſcribed 
upon the diameter L, by the plane AA, is antipa- 


R2 in 


rallel (ſubcontrary) to the ſaid baſe; ſince it is ſhewn 
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in ſeveral Coat upon Conics that ſuch a ſection 


is circular. Now. the angle Ada, being formed 


by a ſangeut and chord, will be meaſured by half 


the difference of the ares, AFa, L, compriſed 
between its ſides: but, A\L=A1; and therefore, 
AFG -L AF - AFI a AL; whence, as 
the half of this laſt arc is exactly che meaſure of 
the angle @/L, the triangles, alL, aaa, will be ſimi- 
lar: conſequently, the cone will be cut ſub-contra- 
rily to its baſe; and of courſe the circle deſcribed 
upon /L projected into a circle upon the plane Aa. 

This proved, the interior ſecants will laſtly give, AK: 

AA:: M: A&; that is. As the tangent of balf the baſe, 


AC, is to the tangent of half the ſum of the fides, AB 


ard BC, ſo is the ; tangent of half the difference of theſe 
des to the tangent of baif the difference of the Jegments 
- of the baſe. | 

In order to be convinced of the identity of theſetwo 


proportions, it muſt be obſerved that, by regarding 


the diameter Aa as radius, the lines, AK, Aa, Ax 


and Ak, will be the tangentsof the angles, AaK, Aa a, 


Aa? and Aał, at the point a; and that, as theſe angles 
have their vertices in the circumference of the cir- 
cle ALa, they will be meaſured by the halves of 
the ares contained betwixt their ſides: but, the arc 
A is, by conſtruction, equal to the baſe AC of 
the ſpherical triangle BAC; the arc AL to the 


ſum of the ſides AB and BC; Al to the difference 


of theſe fides, and A# to the difference of the 
ſegments of the baſe, ſince the arcs, Ac, Ao, are 


contained betwixt the ant planes, ** way _ . 


: PE equal. 


* 


e e III. „ 


208. From the preceding demonſtration it may 
be collected that two Rinds of Projections have 
been 
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been made uſe of; the one orthagrapbic of all the 
parts of the triangle upon the plane of the circle 
AL; and the other upon the plane repreſented 


by Aa, which is called the polar projection, becauſe . 


the eye was ſuppoſed to be placed at the point a, 
conſidered as one of the poles of the ſphere. Now 
theſe projections have a great affinity with-the fte- 


reographic ones (whereof very frequent uſe is made 


with reſpect to Maps), and differs from them only 


in this; that in the latter, the eye may be ſuppoſed 


at any point upon the ſurface of the ſphere, and the 


projection of the oppoſite hemiſphere made upon 
the plane of a great circle, produced as far as ne- 


ceſſary, and perpendicular to the radius drawn 
from the centre of the ſphere to the place of the 
eye upon the ſphere's ſurface. The pre- eminence 
of theſe projections ariſes from hence, that they al- 
ways give ſimilar figures to thoſe which are requi- 
red to be projected, and conſequently repreſent 


upon a plane the Map of a Country by figures 


ſimilar to thoſe which are formed upon the ſurface 
of the globe : which important property is a. ne» 
ceſſary conſequence of this, that the cones of pro- 
jections are always cut in a ſub- contrary manner by 


the plane of projection. They who would tho- 


roughly underſtand this ſubject, may have recourſe 
to the works of Father Tacquet, or to the Optics 
of Father Aiguillon We ſhall now, in the laſt 
place, ſubjoin the e Problem, ſince it fur- 


niſhes us with an extremely eaſy. ſolution of moſt 


of the caſes of ſpherical Trigonometry, as $ Wa with 


a newſortof a ſolution. 


PROBLEM X. 


209. e the three fides of a ſpherical triangle, 
BAC? to find one of * angles e Ly nene its 


Parts, 
$ 0 L U. 
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SOLUTION. 


AC and BC, reſpectively equal to the three ſides 
of the triangle whoſe angles are required; and 
having drawn the radius GA (if it be the angle A 


| which we would find), draw thereto the tangent 


dA, terminated at d and D by the prolongations 
of the radii GC and GB: then upon the radius 


GC, produced as far as neceſſary, take the line 
Gd equal to the ſecant Gd of the ſide AC; and 
fromthe points, D, A, as centres, with the radii, Dd, 
Ad, deſcribe two circular arcs interſecting each 


Other in the point 2, and they will give the angle 


AD equal to the angle A of the triangle BAC.—— 
We might find by a ſimilar conſtruction the other 
two angles of this triangle. . 


This ſolution, it is evident, carries with it its 


_ own demonſtration; for, the lines, AD, Ad or 


As, being the tangents of the arcs, AB, AC, and 
by conſtruction perpendicular to the common in- 


terſection, AG, of the planes, BAG, CAG, the 


angle formed between them, when terminated by 


be made uſe of in order to find the ſides of a trian- 


the line D2=D4', will manifeſtly be equal to the an- 


gle A in the triangle BAC f. Q. E. I. and D. 


Cokontilany I. | 
210. This conſtruction, it is very plain, might 


gle whereof the three angles are given, by apply- 
ing it to a triangle whoſe ſeveral parts are ſupple- 
mental to thoſe of the ſaid triangle (art. 130). 


Co Rol- 


PR — 
a 8 n 4 > py 


* 


+ Should not this explanation appear ſufficiently clear and 


ſatisfactory, conſult the hiſt Theorem of Simp/on's Trigono- 


metry, P · 23 


Upon any circle, BAC, take the three arcs, AB, 


10- 
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CorRoLLary II. 


211. It is equally apparent that, this conſtruc- 
tion may be likewiſe applied to the ſolution of a 


triangle, whereof two ſides and the included angle 
are known. For, having taken the arcs, AB, AC, 
_ reſpectively equal to the ſides containing the given 
angle, and drawn the tangents, AD, Ad, termi- 


nated by the radii, GB, GC, produced as far as 
neceſſary ; we need only make the angle DA? 
equal to the angle given, take Az equal to the tan- 


gent Ad, and draw Dd; then, from the points G 


and D as centres, with the radii Gd: Gd and Da 
Do, deſcribe two circular arcs, and afterwards 
from the point of their interſection, , draw to the 
centre G the line 4G, and the arc BC will by this 
means be determined equal to the third fide ; from 


| whence the other angles may be eaſily obtained. 


CHAP; IV. 


* 


E ontaining the Analytical or Algebraical Reſo- 


ution of ſpherical Triangles. 


ADVERTISEMENT. 


before ſuppoſed acute or obtuſe, 
with reſpect to the ſides. 
„ 


Let the /ine total be put Sr, and the parts of 


the triangle BAC expreſſed thus; 


AL che calculations, which we ſhall have to 
1 make in this Chapter, being founded upon 
the conſtructions given in the preceding one, it 
will be abſolutely neceſſary to underſtand them per- 
fectly before we proceed any further. However, 
that theſe calculations may not be rendered too dif- 
ficult for Learners by frequent changes of the ſigns, 
we ſhall uſually apply them to the 17th fg. the 
| ſeveral parts whereof we ſhall denote as in the fol- 
lowing Table: but, if any terms happen to change 
their ſigns when the formulæ by this means deri- 
ved are applied to other triangles, we are from 
thence to conclude that the angles, which were 
NN then ob- 
tuſe or acute; or that the ſame changes are made 


Hin. 


$i 


_”- 


$3 


— 


Nenne 


erg. 


2 


| Co ABC GC AM. Tang, A = S 
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Nu. AB=BK=a. Ca. Bac Gd 9. 


co. ABO. , _ Sin, Achs. . 
dn BC FX or fX=c. Co. ACB=k= 
=D 


| Cf. BC OX. Tong. AB . 


Sin.AC=LHor!H=f. Tang. BC =, 


caſ. ACSGH=g. Tang. AC =/Z. | 


Sin. ABC Na- n. Tang. B . 


* BAC=D4=7. 5 Tang. C . 


Then the conſtructions in art. 160 will give this i 
following values of the lines, CX, Cf; & c. 


CX = = | 0 . 


For greater expedition and certainty, and tg 
prevent the trouble of recurring inceſſantly to this 
Table in order to find the analytical expreſſions of 
the quantities it contains, it will not be improper 


for the Reader to tranſcribe the whole upon a piece 


of looſe paper, and carry the ſame along with him as 


he proceeds in the ſolution of the ſeveral Problems. 


. \. PROBLEM J. 
212. To find the relation betwixt the fines of tb 


| angles and 1 1 the fide of any onda mw 1 


5 angle. . | | 
| SOLUTION. A 


From the interſection of the chords, FF, IL, we . f 
fall Il have, CFxCf=CL x C}, or, which amounts 


to the ſame, NN. HH“; and, if 
for theſe quantities their algebraical values be ſub- g 
ſtituted, we ſhall get, c? — 5 T- or, cer * | 
mtg = fo_* —f*q *y which, after putting * in fu 
the place of -, and * for r* -g, become, 2 
em —=f*p* : then, if we extract the ſquare roots of | 
the members of this equation, and put theſe roots | 
into proportion, we ſhall find, c: F:: p: m; that is, 
Sin. BC n. AC: : jm. BAC : þ i. ABC: from whence 
it is manifeſt that in any ſpherical triangle, The 
Sizes of the angles are to each other as thoſe of their 


oppoſite fides. Q. E. I. 3 


| Protea II. = 
213.1 Given two ſides and their included angle; to 1 
And 19, either of the other angles, and 2, the third F 


: SOLUTION. 


| Let the ſides, AB, dE with the included angle | 
Fig. 17- BAC be the parts given, and let it be firſt required 1 
to find the angle B On account of the ſimi- 
lar triangles, GKB, GHO, we ſhall have, GK : 


KB: : GH: HO, or, b:a::g:E; alto, by the 
conſtruction given in art. 160 we Wal have, Gr: 


Gd: 7H: CH, or, 7 1 if: 25 therefore, C O or 
CIA 


Fig. 17. 


5 = a 
7 = 


* 
1 7 
FER 


—— — — 


„ This will ths: a ar row the 5th Propain of the 
| ad Book of Zuclid. 4 appear 
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= 


CH+HH WD 457. Moreover, it is evident that 


the angle ocx in the right angled triangle CXO is 
equal to the angle AGB; 8 we ſhall get 


from ſimilarity of angles, R 3 AB:: CO: 
CX. and conſequently, cx += =. : laſtly, ſince 


the lines, FX, CX, MG and 1G, are . propartiongl 
by conſtruction, we ſhall have, 7 X: CX: : M 


10, or analytically, 41 2 —=by art. oy — + 


* 


49, and therefore, — Lb = = (by — 


S bfq+agr | 
the ſecond member of the e by E 25 —— 
421 = 

R Rx. fn. A 


that is to 5 7 ang. B=:o= 


Q. E. 1? 
ET 13 _ to obtain the third fide BC, we 


© fn ABXeor. ACTeoſABeue K 5 


need only regard the ine of this ſide as unknown, 


-and put c in the place of {21 in the equation 05 


'= 2, and we ſhall get, cet Ye, ; that is, Sh. 
cof. ACX fn. AB e AC 


Was A: = _ | RN 
1 - , | 


COROLLARY. 


214. It is evident, that if we ſuppoſe different 
ſides with the included angle given, and purſue a 
ſimilar pr bats to that whereby we _ the angle 


B, we fhall get the following formilæ 


8 Tang. 


— 2 723 „ get, {2 + 


_ 
1 pe 
"4 
- * 
* 72 
. 
Ins 
"E144 
73 1 
5 S472 
4 * 
„ 
92 
3 
TT 5 „ 
? 
4 * 
2 


ves © SPHERICAL: 

Tang. B= AB X cat. A C + cg. AB X ce. A . 

S | 
Fn. BOxXcan ACFog Box CT: 
| 1 . A ; 

Tang. - Ia. ACX cot. A B ＋ ce. AC X ef. A =” 
| N CCC | 
Er. BC N ccf. AB T C N wb. 

3 1 

Tang. A = KCrm CAC N 

8 - R*X An. B | 3 1 
fin. AB X cer. BC + c AB X co. B 

But, here it muſt be obſerved that, ſome of 
the terms of theſe formulæ will have their ſigns - 
changed, according to the different combinations . 
of acute or obtuſe angles ; ſo that whenever we 
would apply them to any particular caſe, we muſt 
have reſpect to this conſideration. For inſtance, if 
we would obtain the value of the angle B of the 
triangle BAC in fig. 18, from having the ſides, 
AB, AC, and their included angle A given; we 


- ſhall find, as in fig. 17, that, HO = =, and CH 


="; but HO is equal to HO—CH, and there- 


fore the Tang. of the angle B becomes = 
5 A 3 
eee like manner 
the term cof. AC xceſ. A would become negative in 
the formula for the tangent of the angle C, &c. 


PROBLEM III. 5 


215. Suppoſing the ſame things civen as in the pre- 
eedins Problem; it is required to find the third fide © 
without regard to the angles adjacent thereto. 


; SOL U- 
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| SOLUTION. 
For facility of calculation, we will ſuppoſe the 


fides AB and BC with the included angle B to 


be the parts given: then, it is manifeſt that, all 
we have to do is to find the value of the /ine IH, 


or coſine GH, of the fide AC. Now in order to do 
this, we ſhall get from the right-angled triangles, 
GKB, CXO, cof. AB: in. AB:: CX: XO, or, 5: 


3 br — 3 whence, GO or GX+XO= Sd : ; 


nen from the right-angled triangles, GKB, 
GH O, we ſhall get, R: co. AB : : GO: Gz; or, 


algebraically, 2: 6: 4 4g: : ; ee | 


„ Dong 7: 
216. Therefore, in general, when in any ſphe- 


rical triangle two of the ſides and the included an- 


ple are given, we ſhall have the following formulæ 
for finding the third ſide; 


Co. AC = Eco/-BY fin. AB fin. be Bredel 


cf AB 2 NE. BC ERC HN 


R R 


»„— 


T . 


"Coſ. B C = Fool Ax fin AB x ſow AC-+Raceo/ABxoſ AC | 


CoroLLany di 


217. From theſe formulæ it will follow that, if 
V be called the verſed. ſine of any angle C, we ſhall 


have. V OI Xeo/ be — 1 let R— 


in. AC xſin. BC y 
V be put in the place of coſ C in the expreſſion of 
5 * AB tound i in ay laſt Maes and we ſhall 


get. 


14 SPHERICAL. 

get. of ABXRR=e0/. AC x coſ. BC R up in, AC 
x /in. BC Ru. AC x in. BCxY ; but, by cr:, 
24, col. AE Nc. RC A.. AC x fan. BC = RN 


BC—AC therefore, by the ſubſtitution of thi I x 
Yyalug and the common methods of reduction, we kd 
a nw ey come a 

NN BC=AC—o AB | tri 

hal ind that, YET RATER TE i by 
= 2 * DE — a | | „ 
ho he RE -M ; by ſubſtituting the value — 


be e 


of iu. AC * fin. BE, deduced from what hath been — 
demonſtrated in art. 2 6. | 
5 COoRNOLLARN III. 

218. If, in the aumerator of the fixit of the above 98 
values of V, we ſubſtitute for / BC—AC—cof. AB 5 1 


wg may be deduced from che demonſtration in 8 
7 to be equal to it, there will ariſe this ex- 


preſſion _ na 


2 fn. E : BC TAC for. FA +2AC— 4BC. 

c 2 5 i. B BCE r 5 

| and, ſince we have ſhewn, in art. 22, that the 
2 Hin. Jang 


 werſed-fine of an angle = ===, we hall get 


by this laſt ſubſtitution, n. 4 C = 


"AB+BC—AC „ AB+AC—BE 
e RE e 


z and, byes 


— © * „ 


* the ſquare roots, Sin. ] 102 
AB in 1 
** —— A 2 „ ; 
2 


7 An. AC X 2 BO 
which 3 is he ſame formyla with chat already given 


in the ſecond Chapter for finding any angle of 2 
triangle whereof the three ſides are known, and 
ſhews us the uſe of the algebraical analyſts in the 
diſcovery of different formula. | c Ho. 


den 


VF 2 — — FF; 


# 
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— — 


oh SCHOLT UM. CH E 
219. Suppoſing {till tliat we knew two of the 
ſides of a triangle ck their included angle, as the 

fides, AB, AC, with the included angle A bf tlie 


triangle B AC, and would find the third Ae: wy 
by means of its ſine, we ſhould | gets en .73:0; 


Vs — On of” ee 12 1 88 0 


manifeſtly too . to _ ever vicd in * 
buſineſ of calculations. 


P R Res E M IV. 2 Is ö 
220. Given one /ide and the angles above i; "tb find 


15 either of the other ſiuer, and 20, the 2505 angle 5 


s OL UT To. | 
Loet AB be the fide given; A, B, KI an 1 


above this ſide, and let AC de one at the Ries 


required; the_/ine or cofine of which muſt conſe: 
guently be regarded as unknown. Then we ſhall Fig · 17 


in the firſt place have, by art. 1 12, FX or fin, BC and 18, 


YL: : in the next place, we ſhall get an expreſſion 


for 5 by this e * AB: if 2 Wy 1 2 


— 


— retro ene rn nar ren r LOVE TIE 
4 : . g 1 k 


. Since, by Prob. I.. A H-“, and, by 
Prob. II. CX = . LEE * — ho : Dee. 


will be T "rt — 2 5 . + a 2 
. DRE 


Fa al af 


and 8 = 


* 81 bo 


E * 


{| 
1 
f 
1 
! 
q 
1 


236 SPHERICAL. | 
GH : Ho, or, b:a: 8 7 == HO: : we have 
likewiſe, CH = 4, and quot CO=HO 


+CH=Z ++? 775 : moreover, from the right-anglcd 


| Slams, GKB, CXO, we ſhall get, R: of. AB: 


CO: CX, or, by 5 the analytical e 
of this proportion, : ö: AT, 2 2 2 — 8 


* 


laſtly; fince the lines, MG, G, X and CH, are 


Ys we ſhall have this analogy, R : Cop. 
:: fin. BC or FX: CX, or, algebraically, Fin: 
= a8 + 22 bfq 


ed 


3 whence we deduce, 5, | =. - 


and byreduttion, £ —<—; or, by ſublicacing 


3 5 Df 
the values of the letters, Tang. AC= = 


__ *RRX/2n AB 
BA Axa: Where the "Fe _ * 


place when the angle A is obtuſe, and the ſign + 


when it is acute. We might find in like manner 


3 RR AC. 
chat, Tag. 1 cot. C /in. ee and, 
i 2 RR n. AB n 
Tang. BC * RE B+ coſ-ABXcv/.BY E. 5 8 1. 


20. In order to find the third angle C, after 
having found either of the ſides, let the equation 


5 5 


ber be deduced 8 value e of | 23 and we ſhall 


* &J 
| col. ABXeof A X/ſin-B 2 15 
— Ku, 8 20 . 


2 * + 2 | 


% ms =» g. 3 EI 


bfg | 
= ap+ — be reſumed, and from bn let 


| 30. 


28 


os. 


* as 


Ve 


R Os 
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PROBLEM V. 


221. Suppaſing the ſame things given as in ts Pre- 


reding Problem; it is required to find the third angle in 


* ons of the fides and angles given. 


SOLUTION, 5 


That we may the more eaſily obtain a formula 


for the part ſought, we will ſuppoſe the two angles 
A and C with the ſide AC to be known, and the Fig. 


angle B to be that required; the ſine, m, or co/f Ge, 4 
u, of which muſt conſequently be conſidered as 


unknown. Then we ſhall firſt have, by the com- 
mon proportion between the nes of angles and 


thoſe of their oppoſite ſides, fin. AB or BK. = , 


and, fin, BCor fX = =: in the next place, we 
ſhall get from the 3 GKB, GHO, coſ. 


AB : fin. AB:: GH : HO, * — 


2 
n: a 2 
7. D: | 


conſtruction, R: of A::f# AC: CH, or, 


r:girf: Lf =CH, and — "x 
 HO+CH = = 


71> * . 2 1 


from the right-angled triangles, GKB, CXO, we 
| 3 or, in "ſpe- 5 


12 


ſhall get, R: of. AB. :: C 


cies, r : CAR nas! dos. 
”m | 1 m* — 2 


1 Oe Coded an. oe CX: moreovery 


; „ 


we have alſo by | 


17 
and 18. 


— 
— . — ͤœD— 7? ⸗ r Um ⸗— — ˙— 
hs - — — 2 " . — a = 4 


Mt SPHERICAL: 
ſince, MG, 28, f X. and CX, are proportional, we 
ſhall have, R :@/.B : X: CX, or, : :: 


77 74. . . and therefore, 25 


mr 


fs 


2 C im=C Now, if we divide 


each r this equation by 25 and take 


away the radical, wy 72 have p*n* += 2pghbn + 
ED = Ow — 2 


: then, if we put * -u in 


ee, + of, ad; dvfle the N 


whole by r*, We ſhall get, n* — 2/50 1 — 


1332 2 2 7 
. —.— ; which equation, after completing 


the ſquare according to the common rules for qua- 


dratics, and different reductions and ſubſtitutions, 


0 {i # 4 g* 4 


becomes, - ="=3* 5 whence 


we deduce, 1 = - 24 0 thar ke, C. B 


fn AX/in.CX ef: AC. y, aA X 


might find- by ſimilar proceſſes: that, Co/. C = . 
u 3 and that, Ce/; 


= R 
Aro fin Nr Cx BC, nale. 


RR 2 E. I. 


REMARK. 55 


We might have avoided all the calculations 
which we have made in order to obtain the ſolu- 


tion of this Problem, by applying the formula in 
art. 215 to a triangle whoſe Parte, ſhould be ſeve- 


rally 


* 


* F 
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rally the ſupplements to thoſe in the triangle BAC, 
and afterwards deducing from it by proper ſubſti- 
tutions the value of the co/ine of the angle required; 
only we judged it better to find this value by a di- 
rect proceſs, that we might render the analytical 
ſolutions as eaſy and familiar as poſſible, 


COROLLARY 
222, From the formula, tang, AC = 
1 0 RRX in. AB 
cot, D. Ac). AB ce. N 


given in art. 220, it will 


be caſy to find the following values of the cot. of 


this ſide, by inverting the fraction, and putting 
= AB : „By. A 
cot, AB for .- An z; Viz. Cot. AC — 2 


| a | , . B . C FAS / Ea 
cot, AB x coſ. A <2 4 + cot. BC X cof. C. 


1 PROBLEM VI. | 
223. Given two ſides and an angle oppoſite to one 


of them; to find 19, the angle included between theſe 


ſides, and 2*, the ide adjacent to the given angle. 
SOLUTION | 


Let the ſides, AB, AC, and the angle B oppo- Fig. 17 
ſite to the fide AC, be ſuppoſed to be given, and 
let the angle A be that which is required. Then 


, b 
let the equation, ag, in art. 220 be 


reſumed, and the value of, p, q, or 2 (which are the 


ine, coſine and tangent of the angle A) thence de- 


duced, and the thing will be done. Now, if 


for greater caſe we put, „the tangent of the an- 


'E 2 ö gle 


* 
— ——— - — Eꝶ—— 
FF 
. — — 


—ꝑkw— 00 Ie, —ů 


— — —— 
* — 233 r 
— 
— 


e 2 EINE 
— we Þ : 4 
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gle 12 = 75 and, £ the tongent of the de AC= = 


at brg 


„ we ſhall firſt get, p— , ===, or, by put- 
3 tr —9 2 | 
ting = in the place of g, 72 ,; 
from whence we deduce 8 quadratic equation, 
ahr, Or e. 
= = : b 
*r 52 NN + b*e* 2? and, 7 


the common method of calculation, p= 

| + 4,4 1224247 2 | | 

atr*3bir\/ r*5* +6155 —att xt We 
* +627 


might find 


in like manner, by ſubſtituting for p inſtead. of 


2, the value of the coſine of this angle, or, q= 
— abt? LN 3 24. 4343. Sl PE "IF 
— e eee and conſequent- 
8Xr*+b*77 | 


ly, from theſe values of p and 9, an analytical 
1 for the tangent of this angle. Q. E. 10 


* Suppoſing ſtill that the ſides and angle giv- 


en are, AB, AC and B, and that we would find 


the ſide BC, or, which will amount to the ſame, 


the ne f X or cf ine GN of this ſide. If in the 


bf . 
equation, 22 = ag+ 21 before given, we 


r 2 


ſubſtitute for the e quantities, p and 9, 


their values, = EF X ang Afr — m (herein 


EF 


muſt be regarded as unknown), we ſhall get, 

er BL Bs 172 —=m, 
Il know l - 

we n rules for mus quadratics, ©= 

ago + 4r vim Fa — 4 g n 


and thence, by the 


We 
might 


6 + A7 5 5 


ver 


elli 
or, 


— 


f 


might likewiſe find from the above equation the 


value of the co/ine of BC; but, as the expreſſion, 


which we ſhould by this -means obtain, would be 
confiderably too complicated, it will be neceſſary 
to inquire whether a more ſimple one cannot be 


obtained by a farther application of Algebra to 


fig. 17. For this end, the rectangled triangles, 
GKB, GXr, will give, coef. AB: R:: GX : Gy 


1 25 whence, H Gt 
g — ©: the ſame triangles will likewiſe give, cg. 
AB : /in. AB : GX: X, or, b:a::4:% ="; 


alſo, from the right-angled triangles, GKB, CH., 
we ſhall get, fn. AB: R:: -H: Cr, or, a: Tr 


4 4 | | | 
22 4 — .: and conſequently, C. + 
gr ae ey 
a a b * a 


ver, on account of the ordinates to the circle and 


ellipſis, we ſhall have, GM: Gz :: fX : CX. 
r — bd 


a 


or, in ſpecies, : n:: Vrr - Add: 5 


from whence we immediately get, an / rr —ad 


= £77 — bdr; and therefore, 4 = 
15 bet anry/ Pr e = rf 3 
- EAT We might find 
in like manner, by ſolving another quadratic equa- 
Gr 5 „ + Zr r 
. | agr. E a8 IF SEP 
tion, Sin. BC or C == 7 
and from theſe two values of d and c deduce 
that of the zangent of the ſame fide likewiſe. 
Q. E. 2. I. : 1 


P Ro- 


u2 SPHERICAL. 


PronLE x VII. 
224, Groen two angles and one of their oppoſe te 


Sides, to find 10, the adjacent fide; 2®, the * 1 an- 


Fig. 17. 


gle, and 3, 5 the third ſt ae. 


SOLUTION: 


Let A and B be the two known angles, and the 
ſide given AC, oppoſite to the angle B, and let 
the 175 AB be that required. Then, in the n 


. 


U 444 =" (which contains all the given 


parts of the N together with the ine, a, and 


cine, b, of the unknown ſide AB), we need only 


find the value of either of the quantities à and 6, 
conſidered as unknown, and the thing will be 
done. But, that we may render the calculation as 


{imple as poſſible, we will in the firſt place divide 


each member of the 8 equation by 7; then 


put ? for the cotangent, E 7 


the cotangent, — of the angle B, and make the 


radius equal to unity; and the ſaid equation will | 


' become, bq+at=Þs, or, r —a* ps — 41; 


from whence, by raiſing the whole to the ſquare, 
and ſolving a quadratic, we ſhall eaſily get, Sin. 


1 2 WR 
8 1 . We might 


n .o* 


find in like manner, by fabſtiruring for a, and 


ſolving another quadratic equation, Coſ. AB or 6 = 
ge TT E445 bo 7 — 2 7 


. 
values of the ſide AB an algebraical 2 
or 


ys of the fide AC; s for 


-3 and from theſe two 


Fe 


* 


analogy, and it will give, Sin. B 


AR 


ie equation, e — 
ſecond part of the ſixth Problem, be reſumed: Fig. 
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for the tangent thereof might alſo be eaſily ob- s 
ined. & E. 1. IJ. 


29. For the angle C. Since the analogy be- 
tween the /ines of angles and thoſe of their oppo- 


; . a m . 
ſite ſides gives, n. C ; therefore, in order 
to obtain an expreſſion for the /ine of this angle in 


given parts of the Problem, it is manifeſt that, 


ve need only multiply the. ine, a, of the fide AB by 


225 and there will ariſe, Sin C = 


it + 2 72 . 2 * 
F 9 4 ＋ 7 - FO 9 Q. E. 19. 1 


| $* + g* 
30. Laſtly, to find the third fide BC, it is evi- 


dent that, we need only make uſe of the common 


C 3 in. AC X /in. A. 
Jin. B : 


. PROBLEM VIII 


885 5* Civen the three ſides of a ſpherical triangle; 
to find one of its angles. EY 


SOLUTION. | 
2 — found in the 


then the conſtruction of the figure gives us, fX : 
C <- nG, of, c:: Sim coſ. B = 
grr—bdr | | 


; and therefore, by ſubſtituting the 


ac 


vide of each letter, Co. B will be found = 


coſ. AC X RR— co, AB X oo. BC R _ ND 
; . fin. ABX fin BC 3 e might 
find in like manner that, Coſ. A = 
BC X RR — c AB xc AC x R I 55 
De AB . AC „and c 


| 02% AB x RR — AC X oof. BC R 


Vin. AC X /in, BC Es 


PR0- 
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226. Given the three angles of a ſpherical triangle; 

to find one of its fides.— 
SOLUTION. 
By ſtill purſuing the analyſis _—_ from the 
conſtruction of fig. 17. it would be eaſy to obtain 
an equation containing the cine of the. ſide requi- 
red, expreſt by, or combined with, the given parts 

P:. 11. of the Problem: but in the triangle DEF, whoſe 
9 parts are ſeverally the ſupplements to thoſe in the 
triangle BAC, and whoſe three ſides are given, 


Loca e EEX RR -g. DEN DEN R 
we ſhall have, Coſ. D — . 


to the ſide AB, and arcs which are the ſupple- 
ments to each other have the ſame ſine and coſine, 


f an CN RR Axca/BXR 
figure requires, Coſ. AB = N 0 


We might find in like manner that, Caſ. AC 
* . 5 - —_ and that, C. BC 
_ af AxRR—ofeBxofCXR | a 
oe”. fn. B X fin. C 8 15 Q.E. I. 


ScuoLiumM TI. 


Teventh Problems be compared with thoſe which 
we have demonſtrated ſynthetically in the fecond 
Chapter, we ſhall be ſtruck with ſurpriſe at the 
prodigious difference which will appear between 
the one and the other; nay, we ſhall be almoſt 
Induced to believe that there is ſome impropriety 
9 5 | | 1 


and therefore, ſince the angle D is the ſupplement 


we ſhall get, by making uch ſubſtitutions as the 


22 32 e 9 = it © ag — „ fol ws 4 


227. If the algebraical ſolutions of the ſixth and 


| a 


T RIGONOME TRT. 
In the algebraical analyſis, when we ſee how com- 
plicated ſome of the expreſſions are which ariſe 
from its uſe. This difference, however, deſerves 
to be examined with the. greateſt attention, and 
may diſcover. to us ſome important truths, very 


uſeful in their applications: for which reaſon, _ 
we ſhall obſerve that, when the triangle BAC] 1s re- Fig. 1 154 
duced into two other right-angled ones in order to 


obtain its ſeveral parrs, if we would find the angle 


A, by ſuppoſing the ſides, AB, AC, and the angle 


B oppoſite to one of theſe ſides, known ; the ope- 
rations laid down in the general Table for oblique- 


angled triangles give us the value of this angle by 
parts; viz. the cotangent of BAD in the firſt place, 


and the co/ine of CAD in the ſecond; whilſt the 
algebraical analyſis ſuppoſes no ſuch diviſion of the 


ſaid angle, but diſcovers its whole ine or co/ine by 


one operation: and therefore, from this different 


manner of proceeding in the ſolutionof the Problem, 


it is, that the difference of the ſolutions ariſeth : 

which, nevertheleſs, is not real, but only apparent; 
as the following proceſs will put beyond a poſſibi- 
lity of doubt. Let x be put for the ine of the an- 


gle BAD; then the formula, cot. I. ſeg. of the 
ang. BAC = ol, given ang. x coſ. adj. fide, will 


. — — 


give. 2 by preſerving the ſubſtitutions 


uſed i in Prob. VI: from whence we get, x or /in, 


.- 


btr ; 
rer The ſecond formula * the e arti- 
cle in the ſame Table gives, col, CAD= = = 


andconſequently, fin. A rr 55 — 2 UN 


4. -+þ Pry 3 
U 5 therefore, 


— 


3 
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1 


therefore, by means of theſe values, and ſince BAC 


4 


SPHERICAL + 


= BAD + CAD, it will be eaſy to find the ne 


of the whole of this angle from the formula in art. 


—' . Ax oB Au. B Xc/.A 


(ſuppo- 


ſing BAD = A and CAD = B); viz. p 


r T EO ar 


— ; which is exactly the 
| N | Rs. 
ſame equation with that we found in Prob. VI. by 


ſolving an equation of the ſecond degree. Hence 


we may perceive, how theſe two kinds of ſolutions 


| correſpond in reality, though apparently quite dif- 


ferent ; as alſo, with what facility equations of the 


ſecond degree, which contain very complicated ra- 


dicals, may be ſolved by two analogies of ſpherical 


 rigonometry. 


- 


Av» „ 


duced from them with the greateſt facility ; as, for 
inſtance, the ſeveral formulæ which relate to right- 


angled ſpherical triangles, by conſidering that the 


ine of a right angle is equal to the radius, but its 
cone nothing. Thus, from the formula in art. 
$145 Fang. B x cot. AC Tce. AB X cu. 4A 


we ſhall. 


oct, | 


will give, of. BC . 


angle B right, fin. 
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get, by ſuppoſing the angle A 909, fang. B = 


. tangACXR | 


ws Les in like manner, the formula in art. 21 6, 
| R x co/eAB  co/:AC + eo/eA X An. AB X fn. AC 


«EET RR 9 
c. AB x coſ. AC 
1 
being ſtill ſuppoſed right, the formulæ in art. 220 


will give, ang. AC — 8 > , AB IM. 


R 


fin AC e * and, ven. W 2 — tang. ABXR N 


c. B 1 
the Fa in art. 221, 60, B = . — 2 AC,; 
B xc coſA 
and, cof. Ee 2 ** 5. From the value of » 


found in art. 223 we ſhall get, by ſuppoſing the 


_Rv/iang.  XC—tang. AB 
tang, AC 
formula for the coſine of A, upon a ſuppoſition that 


the angle B is jor right, will be immediately re- 


* 


duced to, q = ＋ ; becauſe the radical 


—. The angle A 


: the 


in this caſe 


vaniſhes : therefore, in any ſpherical triangle, right- | 


25 at B, we ſhall have, R x 60%. A = tang. 


cot. AC; and, right-angled at A, R x co. B 2; 
tang. AB x cot. BC. Moreover, from. the for- 


_ 2 ww wow — * - 3 * * wt * lv at RT 
— ” 5 2 


mula inveſtigated | in the ſecond part of the ſame 
| .V f Fig article, 


5 5 * * * 2 3 - PY — 


—_ 


ttt $3 3 —_ 


atr* +8trky/7 TOI LT] 6 oats 
f. 

the value of f be _ reſtored, we hall eafily finds Y = 

amnr* + bmry/n* r rat bm? $* — 2 Mr 


n+ tb m* OI which by ſuppoing 


. In Bot 5 __ _ — 
— 7 4 ww ft 22 77 1 
2 o becomes, p — _ — * 3 


For if in the equation, p= 7 


2 


eee; R Tang, Ae | 


— 


"AB 


Tang. AC 


» 
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e ll eaſily deduce, 


b*r*+ an 
fincen is o, d = =, or, coſ. BC = RX co AC , 


article, d = 


CO AB x 

conſequently, in a triangle right-angled at A, coſ. 
1 RX ce. BG ES 

AC will' be — — >, and, fin. AC = 


Ry ce. 8 co. ab( 
c. 


becauſe the radical, being multiplied by g = o, 
vaniſhes : but in the ſecond formula, on the con- 


trary, the radical only remains, and we get this 


—— 
= 
— 


equation; 5 = 


Fi cot. AC. , 


Laſtly, when we know (beſides the right-angle)- 


the two angles above the hypothenuſe, the formulæ 


in art. 226 give; coſ. AB = WER, AC 
= ==, and, coſ. BC R cot. B cot. C: and 


hence we may readily perceive, that it had been 
eaſy to arrive at the General Theorem of Neper, as 


well by algebraical proceſſes, as ſynthetic conſide- 
rations. 
the preceding formulæ ſtill farther appear, we 


might apply them to different Problems in plain 
Trigonometry; but, as this is a thing very ſimple 


in itſelf, we ſhall leave it to the exerciſe of Learners, 


and add, in the next place, ſome conſiderations upon 


the conſtructions in art. 204 and 205. 


1 . PROBLEM X. EP 
229. Suppoſe a perpendicular be let fall from any 


Fig. 21. angle of a ſpherical triangle, BAC, upon the oppoſite 


Jide, produced if neceſſary ; it is required to find in ſines, 
caſines, tangents or cotangents; 1%, the relations of the 


* 


K 


. Again, the firſt formula in 
art. 224 gives, R x fin. AB = tang. AC & cot. B; 


KT . 
19 —s or, coſ. ABN AC cet. B 


In order to make the generality of 


ſegmenis 


Jn. B | fm. A 


adjacent angles. 
20. Since the angle GCH is the complement of 
the arc AP, and likewiſe the angle GCX the com- 
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Hations of theſe ſegments to their correſponding ſides; 
3% the relations of the ſegments of the vertical angle 
FM their adjacent. ſides. ang 49, the relations of the fame 
Segments to the angles aluve the boſe. 


SOL UTI | 
Let us ſuppoſe a perpendicular, CP, to be let fall 


from the point C upon the ſide AB, produced if ne- 


ceſſary; then, it is manifeſt that, the arcs AP and 


BP, or the angles AGP and EG meaſured by theſe 


arcs, will be the ſegments formed by this perpen- 
dicular : it is likewiſe evident that, the half, GC, 


of the chord GCg' will be the /ine of the ſaid per- 


pendicular, and conſequently GC its co/ine. This 
being premiſed, from theright-angled triangle GHC 


we ſhall firſt get, R: 2 or of, LCF : ſin. A 


CH: alſo, ſince the lines, G, 4G, IH and CH, 


are proportional, we ſhall have, hh. A Rx: CH 


in. AC; conſequently, by multiplying the corre- 
ſponding terms of theſe two proportions together, 
we ſhall again have, coſ. A: coſ. CP : : in. AP: 


- AC: we might find by a ſimilar proceſs that, coſ. 


: coſ. CP : : fin. BP: fin. BC; and therefore that, 
3 AP: fn. BP :: fn. AC Xx coſ. A: ſin. BC & 
cofſ. B:: fin. B X coſ. A: An. A &. B (by Jub- 
ſtituting / on B: in. A for ſin. AC : /in. BC) : 


B CA . B: fang. A :: cot. A: cot. B; 


or, which is the ſame, that, The ſines of the ſegments 


of the baſe are to each other as the cotangents of their 
i 0 14 


plement of the arc BP; the wi GH will give, 
R: 5 colCP : : coſe AP: GH AC, and the trian- 
gle GCX, R : c. CP : : "ts BE:: GX = oof — 

conſe- 
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ſegments of the baſe to their adjacent angles; 2.9, the re- 
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_ conſequently, ſince theſe proportions have their wa 
firſt terms the ſame, Coſ. AP will be : cf. BP: 
coſ. AC : coſ. BC; or, The caſines of the ſegments if 
the baſe as thoſe of the cotreſponding fi A des. Q. E. 26. 
"LD. 

Wie might prove in the ſame manner, by letting 
fall the perpendicular As upon the baſe BC, that, 
= "Bd : fin. CY ::: cot. B: cot. C, and, C. Bd : of 

0]. AB : cf, AC. 

oo Suppoſe now that the perpendicular A3 l is in 
reality let fall, and that the ſegments, BA, CA3, 
of the angle BAC are actually taken into conſide- | 
ration : then, as we have already proved, in art. 
206, that R9 = As, og will of courſe be equal = 
the co/ine of this perpendicular. This bein 
ed, on account of the roportional lines, KG. eG, G, 
E and Z C, and ſince 12 is manifeſtly equal to the 
cofine of the angle BA3, we ſhall have, R: co. BA? 
: : cof. A: Z: moreover, ſince Z G is (by art. 
205) = fin. B, and the angle ZGꝭ equal to the com- 
. of AB, coſ. AB will be: R : Ze: in. B; 
therefore, iſ we multiply the correſponding terms 
of theſe two proportions together, we ſhall get, cof. 


AB : cof. BAs, : : cof. AF: fin. B: we might find n_ 


like manner that, ceſ. AC : coſ. CA: : coſ. As: 
fin. C: conſequently, we ſhall alſo have, Co. BA> 
: cof. CAS: : fin. B & cf. AB: nu. CN AU:; 


ſm. Ac of. AB: fm AB x , AC:: aB 


| 2 = : : cot. AB: cot. AC: whence! we infer that, 


The cafines of the ſegments of the vertical angle are as 
zbe cotangents of their adjacent fi faves; Q. E. 35. I. & D. 
4. From the proportions between the ſines of the 
ſides and thoſe of their oppoſite angles in the right- 
| arigied triangles, AgB, AC, we ſhall get; In. he 
* is 
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N /in. A) = fin. BY 50G B, and, /in. GAY x fin. 
A = fin. Co Xx fin. C; and conſequently, Sin BAS 


: fin. CAS: : /in. Bs * fin. B : fin. C x. fin. C:: 
caſ. B: coſ. C {becauſe it hath been demonſtrated at 
the end of the ſecond part of this article that, „n. 
Bd: fin. CY :: cot. B: cot. C): whence it appears 
that, The fines of the ſegments of the vertical angle are 
ta each other as the cofines of the angles above the _ 
E. 4% I. & D. 


SCHOLIUM. 


230. We may now perceive how all the Theo- 
rems neceſſary to the reſolution of right or oblique- 
angled ſpherical triangles may be found, either 


 algebraically or geometrically, by means of the gra- 


phical conſtructions explained in the foregoing 


Chapter. But a little obſervation will ſuffice — 
convince us, that there are other methods of diſco- 


vering theſe truths beſides thoſe already ſpecified: 


thus, for inſtance, we might have obtained the laſt 
analogies from the interſection of the chords, »wp, 


; or (if we conſider that the arcs, py, ps, are the 
meaſures of the ſegments, ACP, BCP, formed by 
e perpendicular, CP, with the ſides containing 


the angle C), from the interſection of the lines, a, 


JA, B, p, Se. 
If we ſuppoſe the ſpherical triangle BAC to be- 


come a right-lined triangle, it will be eaſy to find 


how the four preceding analogies will be then ex- 
The firſt, * n. BY: 6 1. Co:: cot. B: cot. 


preſſed. 
CG becomes, B3:C3:: cot. B: cot. C; and there- 
fore in any plain triangle, The ſegments of the baſe 


7 ormed by a perpendicular let fall from the vertical an- 


gle are as the cotangents of their adjacent angles: for, 


if Ag be regarded as radius, theſe lines will be the 


zangents of the ſegments of the angle BAC, which 
The 


are the complements of the angles above the baſe. 
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The ſecond analogy becomes, : :: : 26? : 
The third gives, The caſines of the ſegments of the 


vertical angle in the ſame proportion to each other as 


equal to two right angles. Laſtly, the fourth ana- 


are their oppoſite ſides ; becauſe the three angles of 
any plain triangle, when taken together, are only 


logy gives a proportion whereof the alternate terms 


are identically the fame, viz. the antecedent equal 


to the antecedent, and the conſequent to the con- 


ſequent. - 
'COROLLARY. 


231. If the arc Ad be ſuppoſed to divide the an- 
ele BAC into two equal parts; then, ſince the an- 
gles, AB, AC, which are the ſupplements to each 
other, have the ſame ſine, and, /in. AB : in. AB 

= : fin. BAS : fin. Bs, as allo, fon. AC: /in. AC: 


6 In. CA3 : fin. C3; it will follow that in this =. 


tbe ſides oppoſite to them; and conſequently, ina right- 


The fines of the ſegments of the baſe are as the ſines of 


ned triangle, Theſe ſegments will be to each other as 


their oppoſite ſides, whenever the angle included be- 


tween theſe ſides is biſected. 


S HOL IU M. 


232. If we look back upon the ſeveral formulæ 


which we have diſcovered by the algebraical analy- 


fis, we ſhall perceive that, in order to find the loga- 
rithm of any unknown quantity, it is generally re- 
quiſite to find that of the ſum or difference of two 
given quantities. Now we have already ſhewn the 


method of performing theſe operations, and there- 


fore it will be ſufficient in this place to make appli- 


Fig. 11· 


cation thereof to a few examples. 


E 1. 
2 23 3. Suppoſe that in the triangle BAC we bas 


the two ſides, AB, BC and the included angle B to 
be, 419 9, 715 30 and * 8“ reſpectively; it is 
| required 


At 


S 


es 225 


Sees eee 


„ ˙ . lin ]⅛ AiXn. ] . . aA: 


to 
IS 


9.524520 = leg. cot. BC. 
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aequired to find the angle at A by the formula in 
An. B x RR | 


| : 4. 
art. 214, lang. A = Form Bo=wABxaB* 


where we aſſume the ſign —, becauſe the angle at 

A is to be acute. Now, it is manifeſt that; the 

whole difficulty in performing the operation will 
conſiſt in finding the logarithm of the denominator; 
but this will be eaſily ſurmounted, by regardin 


in. AB x cot. BC as one angle, and coſ. AB x cop. 


as another, and afterwards finding the ſme of their 
difference by the formula in art. 92, fn. A in. B 
= 2 coſ. FA+IB * fn 1 A- 1B. 
OPERATION h the Locaxitnums. 
9.8 18247 = bg. Ain. AB. 9.948331 = log. rof+ IB. 
9.403790 = log. fin, LA—EB 
9.342767 = log. fin. 12% 43'20"=B, 9.301030 = — ws * 
9.875789 log. coſ. AB. 1009.653151 = bo. 70 be faber. from 
9.949364 = log. cf. B | 29-659025 = log. fin. B x RR. 
9.826153 = log. fin. 420 435 = A. 1.08874 leg. tang. 45 23 14%, 
FE | 
234. Suppoſe the ſame things given as in the; 
preceding Example; it 18 required to find the third 
fide, AC; by the formula in art. 216, coſ. AC = 
coſ. B fin AB An. BC caſ. AB x ceſ.BC R "> 
quantity be conſidered as the expreſſion of a /ine 
equal to the ſum of the ines of two angles, and 
the formula in art. 91, fin. A + fin. B = 2 fn 


JAB IA IB, made uſeof ; theopera- 


— 


tion will be N eaſy, and performed as follows: 


9.949364 = logs co. B. 1A +EB=823% 46' 44". 
9.818247 = log. fin. AB. comp. 5 A — 2 B 80% 2 39". 


9.976057 = Ig. An. BC. . 3 
9.744568 = log. fin. 33 44 H. 9.605 529 = leg. fu. A ＋ T B. 
95876789 = log. coſ. AB. 9.993410 = log. c. + A 2 3. 


9. 01476 eee bog. co. BC. 22 | 0.301Q3O = bog. of 2. : . 
Rn: +3" 4999 po . 29909 = ge SSIS 54". 
X Au- 


ä 
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22335. Suppoſe now that the three ſides, AB, Ac 
and BC, of the triangle, BAC are given, viz. AB= t 
419; AC= 529 35", and BC = 719 gor; it is 0 
required to find one of the angles of this triangle, E 
as the angle A for inſtance, by the formula in art. 0 
c BCN RR—co. AC x ce. AB R | T 
225, of. A = = fin AB Ain. AC „ 1 
Ihe value of this expreſſion will be obtained by 0 
means of the formula in art. 925 fm. A — fin. B, Sc. * 
and the operation ſtand thus: | 4 

783623 = leg. coſ AC. 

= — . — I — a.” AB. 2 
9.600412 = log. fin. 27? 13 38 = A. N 
„ . ji 9 
7 225 C17 4% =LA+ZB:; 1 
I yd Cr tA—EK ” 
o. 18 1753 = arith. comp. fin. AB. 4 


©.100049 = arith. comp. fin. AC, 
| 0. 301030 = log. of 2. 
I BY 9.964463 = log. % FA + IB; 
8.881303 = log. ſn. $A —+B. 
9.428598 = log. cole 74® 26! 15/1 = cof: A. 


236. Since, in the ſolutions of the ſixth and ſe- 
venth Problems, in art. 223 and 224, equations of 
the ſecond degree have been concerned, it is mani- 
feſt that, there may be certain caſes wherein we 

may be obliged to ſolve equations of this nature; 

and as, moreover, all the calculations of practical 

Aſtronomy are made by the logarithms, it will not 
be improper to ſhew here the manner of obtaining 
theſe ſolutions by the Tables of ines, c. for which 
reaſon we ſhall annex the two following Problems. 


PROBLEM I. 


2055 To find by the Tables of ſi ines, whe how roots of | 
eee. * + 2x = bb, | 


4777 r 


Ic. 
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SOLUTION R 


From any point, C, with a radius equal to a, let Fg. 24 


the circle AD Bd be deſcribed, and at the extremity 


of the radius CA the perpendicular AL erected, 


equal to the quantity : then, through the centre 
C and point L, let the line LD Cd be drawn, ter- 
minated by the circumference at 4; and the parts, 


LD, La, will be the roots of the equation. The 


demonſtration of this is very obvious from the ap- 


plication of Algebra to Geometry; for the Zangent 
AL and ſecant Ld give, Ld: LA :: LA: LD, or, 
algebraically, a+ aa+4bb:b::b:LD(s); 


whence we deduce, ax +# / aa + bb = b, or, 
# V/ aa +#b = bb—ax, and conſequently, by ſquar- 
ing both ſides of the' equation, ſtriking out the 


terms that deſtroy, and dividing the remainder by 
vb, & + 2ax = bb, kt 


Now, in order to reduce this conſtruction to the 
logarithms of the 'Tables, let there be again erected 
the right line FLf perpendicular to the extremity 
of AL, and terminated at, F, f, by the prolonga- 
tiohs of the chords, AD, Ad; and let the chords, 
BD, Ba, be drawn. This being perfectly un- 
derſtood, it is eaſy to perceive that, in the right- 
angled triangle CAL, the angle AC will, in the 


firſt place, be determined by this analogy; CA (a) 
: AL (5) :: 1: tang. ACL: then, on account of 


the ſimilar triangles, BDA, ALF, we ſhall have, 
BD : DA :: AL: LF*=LD (x) : but the angle 
ABD is evidently the half of the angle ACL be- 
fore found, and therefore we ſhall laſtly have, R : 

FF FFF 


* 


— 2 — 
—— 


ow ew. —— 


The triangles ADB and AD4 are manifeſtly equal to each 

- - Other, and alſo ſimilar to the triangle ALF; whence, the angle 
AD = the angle FDL the angle AFL, and conſequently, 

LF = LD, | , 
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tang. I ACL. :: AL (): LF or LD (x). Conſe- tr 
quently, from theſe proportions the value of & will an 
be obtained by the logarithms. Q. E. 1“. I. gl 
29. If Ld be called x, we ſhall find from the 29 
ſame proportion (Ld : LA :: LA : LD) that, th 
** — 24x b. Now, to obtain the value of x ih 
in this caſe, we muſt firſt ſay, as before, a:b::r q 
: tang. ACL: then, on account of the ſimilar right- F. 
angled triangles, Bd A, AL, we ſhall have, Bd: 01 
r . R: co, of 
balf the angle BCd = ACL; therefore, we ſhall a 
laſtly have, 7 : cot. of balf the angle found by the laſt Ot 
proportion : : the quantity b : to the line LF; which 1 
will be the poſitive root of the equation, xx — 2⸗«-“„ 0 
| = bb. EE. > Ur 1. | a i | 5 | | | 

5 %% VC 8 = 
238. To find by the Tables of fines, Ec. the roots of h E 
the equation, x* + 2ax +bb =0, _ : hi 
1 on SO UH T0 N, | | tt 
Fig, 25, At theextremity of the radius CA = a let there w 
| be erected a perpendicular AL ; then through : 
L let there be drawn the line LFf parallel to AB te 
(which will cut the circle deſcribed upon AB in two m 
points F and f, or otherwiſe touch it in only one C 
point, if the Problem be poſſible), and, LF, Lf, n 

will be roots of the equation, * # 2a + bb = 0. - 
For, calling FL, æ; on account of the tangent AL 1 

and ſecant L, we ſhall have, Lf (a+y aa— 8d) : 
AL (4) :: AL (b) : LF (x); from whence we b 
ſhall eaſily get, by taking the product of the ex- t] 
tremes and means, x — 2ax + o. We might 

have found in like manner, by calling Lf, x; x* n. 
— 24x +b6=0, This being premiſed, if we again © 


draw the lines, AF, Af, FB, FC, FD and fa, we 
ſhall, in che firſt place, get from the right-angled | 
5 „ > "=. e 1 
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triangle CDF, CF: Fb ora: b: fine of the 
angle FCD: then; on account of the ſimilar trian- 
glcs, BFA, FDA, we ſhall have, BF: FA :: FD 
: DA; but the angle at B is manifeſtly the half of 
the angle ACF at the centre, and therefore we 


| ſhall have, BF: FA: : R: fang. + FCA: conſe- 


quently, we ſhall laſtly have, R: fang. 1 FCA :: 
FD (8) : AD (x); from whence it follows that AD 
.or x will become known, ſince the three firſt terms 
of this proportion are known. _ 

2. If Lf be called x, we ſhall in this caſe have, 
= 3 of the ſimilar triangles, AFB, fd A; AE 
F: : d: A= LH; or, r : cat. FCA. 2132 
2 £6: 
| We ſometimes find in Aftronomy ſuch Problems 
as lead us into equations of the third degree, but 
particularly i in the calculations of the motions of 
Comets in a parabolical orbit; for which reaſon we 
hope our readers will not be diſpleaſed to ſee here 
the method of ſolving equations of his kind like- 
wiſe by the Tables ” nes, Sc. But before we do 


this, we ſhall premiſe in a few words what relates 


to theſe equations in general; and refer, for the de- 
monſtration of the different articles, to what Mr. 
Clairaut hath written upon this ſubject 1 in his Ele- 
ments of Algebra. 

We will ſuppoſe then as truths demonſtrated in 
5 Treatiſes of Algebra: : 

o. That every equation of the third degree may 
be pi les to the form, x* + px + q=0; wherein 
the ſecond term is taken away. 

29, That of the roots of the equation, x* 3 + px 
+ q=0, there are ; necellanty” two ee and 


one real. 3 | 
| | N 3% That | 


* For theſe two Problems ſee Simpſon 8 Trigonometrys 2 
P- 64, Cc. 2d edition, 


4 
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3. That in the equation, — px g= o, there 


are neceſſarily two imaginary roots, whenever 2 P 


is leſs. than 4 gg. 


40. That, on the contrary, the ſame equation 


will have its three roots real, when 2, p* (always 
negative) is greater than 4 4; which conſtitutes 
the caſe called the irreducibleè caſe. 5 

Now though theſe confiderations are not abſo- 


lutely neceſſary to the underſtanding of the ſubſe- 


quent ſolutions, which are in a great meaſure inde- 


pendent thereon ; yet they will ſerve to convince 


us that theſe ſolutions contain all the poſſible caſes 
of cubic equations, after the ſecond term is taken 


away, according to the common and well known 


methods of transformations. 

7% ¾ ! 
2240. To find the three roots of an equation of the 
third degree of the form, x* — px + q = o, by ſuppo- 


ing =, p greater than 4 qq; that is to ſay, in the irre- 


 ducible caſe, ' 
| | DIN. 255 

Let the equation, 4x* — gr*x + ν = o, be af- 
ſumed (which by means of the indeterminate quan- 
tity y may repreſent all cubic equations belonging 
to the irreducible caſe), and let be ſuppoſed there- 


in to be greater than y, in order to have , p* greater 


than 4 4%: then, if the laſt term hath the fine + 


prefixed to it, put y fin. A, and the circumference. 


of a circle = C; and the roots of the equation will 


DE | A - A+C .A+2C 
be, * Ain. x in. , and, x= fin. 2 


If the laſt term hath the ſign — prefixed to it, 


let y be put coſ. A, and the roots of the equation 
(ax . — r =0) will be, * * of. 3 5 X = 


7. ceſ. 


„„ 


0= 


_— ne > 


A+2C 


10 EL = and, x7 == coo. . —— The demon- 


ration of theſe operations: is very eaſily deduced 
from the general formulæ in art. 53 & 54, con- 


ne the ines and co/ines of multiple arcs. QE. I. 


PRO BIE MN II. 


24 1. To find the real root of the equation, u* — 
+q=0O, when 2,p* is. ſuppoſed to be leſs than 4 qq z 
the other two roots being, in that caſe, imaginary. 


| SOL ULEEFON 
Let the ſame equation (4x* —griz Fr y. 2 o) 
be aſſumed, as before; in which let 7 be ſuppoſed 
leſs than y, that 2, p3 may be leſs than + 4: then, 
if the laſt term be ſuppoſed negative, put Ache. 2A 
(which will neceffarily become known when y is 
determined) ; after which find an angle, B, whoſe 
cot. may = 7* cot. A, and the value of x will be 
coſec. 2B, —— If the laſt term be affirmative, we 
mult then conſider y as the coſecant of an obtuſe an- 
gle, and the ſolution of the Problem will be ob- 
tained in the ſame manner. Q. E. I. 

„Rn 

242. To find the real root of the equation, & + vo. 
+ q = o; the other two roots being imaginary, inte 
25 50 B will neceſſarily be poſitive. 


SOLUTION. 


Let the ſame equation (4x* + 3r*x+ 7 So) be 


ſtill retained; in which make y = cot. 2A, and af- 
terwards find an angle, B, ſo that cot. 8 may 
cot. A; and the value of the unknown N 


vill be = cot. 20, 2 EK: 


DEMONSTRA TI ON of the 7200 laſt Solutions: 
243. Whether r be greater or leſs than y, it may 


wm be truly affirmed that the equation, 4 — 


3r* x 
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37:x—7*y=0, is the ſame with, æ e —r 1 


— ͤ —V—:u .. 


r 'X y + =; and conſequently that the 


value of x in y obtained from the latter, will ſolve 
the former equation. All that is requiſite to be 


done then is to prove the identity of theſe two ex- 


preſſions. And in order to this, we ſhall in the 
firſt place obſerve, that by the formula in art, 29 
we in reality have, 4x* — 3 r O: ſo much 
granted, let it, in the next place, be allowed as a 

| — 3 a — 
ſuppoſition that, x V ==". „=; 
then by expanding the cube we ſhall get, 4 — 
Fr „ 
but herein the terms, 4K — gr*x — 7*y, occur, 
which have been already put = o, and therefore it 
remains only to be proved that, c = 7 3507 
=r*x/3* A. Now let both ſides of this equa- 
tion be raiſed to the ſquare, and we ſhall find, 


z6x5%— 24r*x*+grix*— r5 27397 == 7%, ON, 16K —2 4 


+ gr*x*=74y* z which is exactly the ſquare of the 
equation, 4x3 — 3r*x iy; and therefore the truth 
of what was required to be proved follows of courſe. 


If now as in Prob. II. we ſuppoſe r to be leſs than 


3, and put y =coſec. 2A, we ſhall get, 7 = 
cot. 2A: likewiſe, if x = coſec. 2B, y/z*—7* will 
be = cor. 2B : therefore, by ſubſtituting theſe va- 


lues in theequationz+ /F7 = rl KY =, 


we ſhall get, coſec. 2 B + cot. 25 r ceſec. 2 A ＋ cot. 23 


and ſince, by the formula in art. 84, we have, 
caſec. 2A + cot. 2A = cot. A, the laſt equation, af- 
ter proper ſubſtitution in each member thereof, 
will become, cot. B —= 7* cot. A: from whence it 


will be eaſy to find cot. B, when A is known; and 
conſequently the value of x = by ſuppoſition to 


2”, We 


eoſec. 2B, Q. E, 1“. D. 


* 


NOA TO MMO 
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29, We may prove in the ſame manner that the 
equation, 4 + grix— 2 Yo, is identically the 


5 ſame with, x +4 x x* + 7 = mf X y + 7? Pri: but 
this equation, by ſuppofing as in Prob. III. y — cot. 2A, 


and x = cot, 2B, will become, cox. 2B + cfec. 28} * = 
* X cot. cot. 2A + cojec. 2A 3 and in the laſt place, cot. B 
r cot. A: Whence it will be eaſy to find the are 
denoted by B, when the value of A is known; and 
conſequently cot. 2B, which is the value of the Lag 
known quantity x in the equation. Q. E. 29. D 

We ſhall now, in order to make the utility and 
nature of theſe ſolutions more clearly 1 apply 


them to particular examples. 


Ex AMP IL E I. 
244. To find the roots of the equation, x — 3 — 12 
which will be all three real, becauſe , 2 Þ* is mens 
and greater than 94. ä 


SOLUTION. 
That this equation may be compared with 
4 — 31 — r*y o, I firſt divide all the terms 
of the latter by 4, and find, «„ - Ari — Tri 
= o: then will 27 = 3; whencer = 2, and 
conſequently y = 1. Now becauſe the laſt 
term is negative, y, I to what has been 


ſaid in Prob. I. art. 240, mult be put= of, A; and 


fince this co/ine is half the ſine total, it muſt ne- 
ceſſarily be the /ine of an angle of 30”, and there- 
fore A itſelf = 609, Conſequently, the values of 
* will be, co. 20%; Caf. 140, and, coſ. 260 or, 
fin. 70%; — ſin. 509, and, — in. 109, to a radius 
ex preſſed by 23 that is to tay, the real yalues of x 


will be double the fines correſponding to theſe an- 
gles in the Tables. 


ExameLE IT. | 
245. To find the real root of the equation, ** — * 
— 6 So; the other two being ne« Veri imaginary, 
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SOLUTION. 
This equation I compare with, 4x* — gr* x — 
715 So, after dividing all. the terms af the latter 


by 4, and find 3r* — 1; whence r = = ==> and y = = 


18, which muſt be put — coſec. TA. | Then, to ob- 


tain * _ by the Tables, I in the firſt place 
fay, — 7 „ total of the Tables (102973 


= coſec. 2A : but, by art. 875 coſec. A = N and 


therefore, 1 7n. 2A = nos 7 whence, by ſubtract- 
ing from double the logarithm of the fine total, 


the logarithm of 9 / 3, Jin. 2A will be found = 


o. 807196, or, according to the index in the Ta- 
bles, en 807196 = 3? 40 40“; and conſequently, 


A= 1? 50 20ʃ. In the next place, to find the 
angle B. which ought to determine the value of x 


by the coſecant of its double; to the number 


11. 49341) let twice the logarithm of the ſine total 
be added, and a third of the reſulting ſum taken, 
_ the quotient will give, cot. B = cot. 17 37' 50”, 


or, B=17? 37 5003 the Coſecant of the double 


whereof, era is, the ſecant of 54 44 20“, multi- 
plied by 77 will be the root 8 of the pro- 


1 e 95 
ExAMPYIL E III. 


Aa. To find the real root of the equation, 2 gx" + 
75x — 46x = ©; the other two being neceſſarily ima- 
Einary, becauſe the ſecond term is affirmative. 


SOLUTION. 


That this equation may be compared with, 4 


+ gr” x — 192 = O, I firſt divide all the terms & 
the 


ld W ++ i hg ond 


- 


©. 
t 
< 
C 
. 
4 
2 
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the latter by 4, and thoſe of the propoſed one by 


25; after which I deduce, from a compariſon of 
the correſponding terms of the two reſulting equa- 
tions (x* +$r'x— gr =0, and, x* + 3x—4$ = 0), 
r—2, and y = £6. This done, in order to find 
what the angle A muſt be, ſo that :? may be the 
cotangent of its double, I make this proportion; 
radius (before found 2) : 45 : : fine total of the Tables 


{1.000000) : cot. 2A in Prob. III. but, by art. 12, 


| * . | FF | ; 
tang. A = ge- A, or, tang. 2A = z and there- 


fore, by performing the neceſſary logarithmical 
operation, fang. 2A will be found = 10.036212 = 


47% 27 10% and conſequently, A = 23? 41 35". 


The value of A being thus obtained, that of B may 
be found as in the preceding Problem to be 2 


37* 13'54"; and if the cotangent of twice this angle 


be multiplied by 2 {becauſer=2, as above ſaid), the 
Product will be the root of the equation. Q. E. I. 


QBSERVATLION 
It may be obſerved, that theſe ſolutions of equa- 
tions of the third degree by the circle neceſſarily 
contain thoſe of equations of the fourth degree 
likewiſe; ſince it is demonſtrated in moſt Treatiſes 


of Algebra, that equations of this degree may be 


reduced to thoſe of the third. It may likewiſe be 
obſerved, that it would be very eaſy to find parti- 
cular equations in any degree which, as well as the 


foregoing ones, would admit of ſolutions by means 


of the circle; but we think it unneceſſary to ſpe- 


cify inſtances, as what we have already ſaid will be 


ſufficient for common practice. 
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SPHERICAL 
CHAP. 8 


C ontain ing the fluxional Analogies of ſpherical 


and 255 1 


LEMMA I. 


247. The fluxion of an arc is to that of its ne, ar 


radius is to the coſine of this arc. 
DEMONSTRATION. 


ET there be an arc, AM, which we ſhall call 


z; of which let the /ine, MP, be denoted by 


s; the cofone, CP, by u; the zangent, AT, by t, and 


| the ſecant, CT, by . Then we muſt Pave that, 


S 25: 3 K. 


Now, in order to this, let us ſuppoſe the arc ** 


to become Am, and let the lines, Cmt, mp, be 
drawn; alſo, from the centre C with the radius CT, 
let the arc T'S be deſcribed, and through the point 


M the line My drawn paraflel to CA: then it is 


3 by this conſtruction that, Mm will be = 23 
=s; Mr =—a (becauſe the arc AM increaſing, 


its —— ne decreaſes; Tt =, and, iS = y. So _ 5 


being premiſed, on account of the ſimilar tria 


 mrM, CPM, we ſhall have, CM (r) : aig (4) :: 
Mm (z): mr (6). Q. E. D. 


Fig. 26. 


Lee 1 
248. The fluxion of an arc is to that of its tangent, 
es radius ſquared is to the ſquare of the ſecant; that is, 


rr: B. | 
DEMONSTRATION. 
On account of the ſimilar ſectors, CMm, CTS, 
we {hall have, CM (): "CE G) + Mm (z): TS = 
5 


2 
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: likewiſe, on account of the right - angled tri- 
angles, CAT, IS., which are alſo ſimilar (ſince, 


v <5, 


when the lines, CT, Ci, are indefinitely near to a 


coincidence, the angle at ? will not eſlentially dif- 
fer from that at * we ſhall have, CA: CT :: ST 


Tf; or, ::: : 1; whence we immediately 
deduce, 2 ::: 1 E. 
Lemma III. 


if 


249. The Puxion of an arc is to that of its ſecant, 
as radius ſquared is to the rectangle under the ſecant 


and tangent ; that is, z: y:: *: ty, 
DEMONSTRATION. 


It is evident that 8 is the fluxion of _ ſecant, 
and ST hath already been found to be = =; there- 


fore, by again comparing the analogs ſides of 


the ſimilar triangles, CAT, 1 we ſhall get, CA : 
AT:: ST: St; or, : f:: 2 53 ; and conſequent» 


y. 2 5 p? : Y. Q. E. D. 


COROLLARY. 
250. Hence, by collecting theſe different ex- 


Preſſions, we _ have for the fluxion of any arc zz 


Fs 


"4. 7 * der Hg making uſe of the fluxion of 


the cafe) = = = (by art. 15) 23 (by art. 
» J 9 


11) £4 —— We might proceed to find with equal 
facility other formulæ for the cotangents and coſe- 


cants; but thoſe which we have already found will 


be ſufficient for all that we ſhall have to demon- 
SCHO» 


ſtrate in this Chapter. 
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231. We might have demonſtrated the ſeveral 


preceding analogies by the formulæ obtained in 


the firſt Chapter. For inſtance, the firſt Lemma 


might have been immediately deduced from art. 
85, fin. A+B =,/in. Ax coſ. B ＋ co. A x fm. B: 
for, /in. AM ſin. AM+ mM — fin. AM; but, 
in an evaneſcent arc, z, the co/ine is equal toradi us 
or unity, and the fine coincides with the arc itſelf; 


wherefore we ſhall have, /in. z + 2 = ſin. 2 + | | 


z coſ. x 


54 5 and conſequently, 5s or fin. 2+2 


5 
1 


—— += —= =, — The other formulæ 
might have been as eaſily deduced from the for- 


mulz inveſtigated in the ſame Chapter. 
. . Lzewwa IV. 


| 252. If from the three angles of any ſpherical tri- 
Fig. 11. angle, BAC, as poles, there be deſcribed upon the ſur- 


face of the ſphere another ſpherical triangle, DEF; the 
fluxions of the angles, D, E, F, of this triangle will be 
reſpectively equal to thoſe of the oppoſite fides, AB, AC, 


BC, of the triangle BAC, and the fluxions of the ſides, 
DE, EF and FD, of the ſaid triangle the ſame as thoſe 


of the oppoſite angles in the triangle BAC; and con- 
 trarily, for the fluxions of the parts of thetriangle BAC 
with reſpect to the parts of the triangle DEF. 


DEMONSTRATION. 


This propoſition is an evident - conſequence of 


what hath been demonſtrated in art. 130, and of 
this; that angles, which are the ſupplements to 


each other, have neceſſarily the ſame /ine, coſine, tan- 


| gent, cotangent, ſecant and coſecant. Q. E. P. 


SECT, 


TRIGONOMETRY, 16 


& 


"SECT 
Competing the fluxions of any ſpherical or plain 


triangle, wherein an angle and one of. its ad- 
Jacen Kur are ſuppoſed conſtant. 


THEOREM E 


2 ” 3. If in any ſpherical triangle, BAC, wwe ſuppoſe Fig 27. 
an angle, A, conſtant, together with one of the ſides, 


AC, adjacent to this angle, we ſhall always have this 
analogy; as the fluxion of the ot her. fide adjacent to the 


| conſtant angle is to that of the fide oppoſite, ſo is radius 


to the caſine of th the angle oppoſite to the conflant fide; 3 


that is, AB: BC::R: cof. B. 


DEMONSTRATION. | 
- Suppoſing the ſide AB to flow into Ap, or to be 


| Increaſed by the indefinitely ſmall quantity Be; if 


Cg be drawn, and Ch taken thereon = CB, by de- 


ſcribing from the pole C the little circular arc Bb; 


25 will be the fluxion of the ſide CB, and the little . 
angle Bog will be right- angled at 55 as alſo (becauſe 
on account of the mallnels of its ſides it may be 


_ conſidered as right-lined) have its ſides proportional 
to the ines of their oppoſite angles: but the angle 
at g is eſſentially equal to the angle B, and conſe- 


quently the angle Bb the complement of the ſame 
angle ; wherefore we ſhall have, BS: 58: R: 1 Cof. B, 


or, AB : BC::R: coſ. B. Q. E. D. 
| ok Corotiany I. 


2 54. From this proportion, and * formulæ 
demonſtrated i in the preceding Chapter, th the follow- 


ing analogies may be eaſily deduced ; AB: BC. 


fin. AB x fin. BC: Rx caſ. AC— cf; AB xx co: BC 


(by ſubſtituting for c B its value in art. 225) : 
co/: AC x fin A x/fin.C 2 
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264 SPHERICAL 


RR: 69 AC x /in. C (if the angle A be go®) 


| >: Jang. BC : tang. AB, by art. 228, 


C U. | 
2 55. If the triangle is right-lined, we ſhall ſtill 
have under the ſame W AB: BC : :R: 
coſ. B. - | 
TREOREM I. 


256, If the ſame things be ſuppoſed as in FY prece- 


ding” Theorem; the fiuxion of the variable fide adjacent 
o the conſtant angle is to that of the angle oppaſite to 
#bis ide, as the ſine of the ſide oppoſite to the conſtant 


angle is to the fine of the angle oppaſite te the conftank : 


fide that is, AB : C:: fn. BC: : fin. B. 


DEMONSTRATION. 8 

Let the ſides, CB, Ch, be produced till they be 
auch 903 and, it is manifeſt that, the arc Ef wil be 
| themeafureof the variationof the angle C. This be- 
ing granted, ſince the little arcs, Ff, Bb, contain the 
ſame number of degrees, we ſhall have, Ff : Bb : 3 
R: n. BC; and likewiſe, on account of the trian- 
gle Bip, B: BRE: : %%. B: R: then, if we multi- 
pPly the correſponding terms of theſe two r 


Together, ve ſhall get, Ef: BG: : in. B: „in. BC; 


- A AB :: Vn. B: fin. BC, and, invertendo, 
:C: : fin. BC : in. B. Q. E. D. 


CoROLLARY L 


257. If for the quantities, fn. B we 4 7 in. BC, 


there be ſubſtituted their different values deduced 
from the proportion between the fines of angles and 


thoſe of their oppoſite ide ſides, we ſhall find this ſeries 


of equal compariſons; AB : C : : in. BC : fin. Ac 
N 7 AC x fin. A in. B: n. BC x 


fin. AB : Je BIR AC :: in. A x.jin.* AB : 
| : MAC x fin." © | 


Cor or- 


EET Wer WW: Tt JE 


"5; 


5 
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Carollany II. 


258. If the triangle be right-lined, che fine of ; 


the ſide BC will then become the ſide itſelf, Fry 


therefore —_ Theorem ce thus; AB: 
BC : in. B 

THEOREM III. 
289. The Auxion of the fide oppoſite to the conſtant 
augle is to that of the variable angle adjacent to the 
conftant ſide, as the fine of this ide multiplied by the 
coſine of the third angle is to the fine of the ſame angle 


multiphed by the radius; that is, BC: C.:: fin. BC 
Xx cof. B : fin. B * R. An. BC. tang. B. 


DEMONSTRATION. 
Since we have, by art. 253, BC : AB: : 00. B: R; 


and alſo, by the laſt Theorem, AB: E: An. BC 


: fin. B; therefore we ſhall Bro by multiplying the 
n terms of theſe two proportions roge- 


ther, BC : Anu. BC x of. B: RE vo 


ſin. BC : tang. B. Q. E. P. 


CorRoLLARY. L 


260. If _ ſubſtitute. for n. BC its value, 


— — — pl , this new analogy will ariſe, BCS: 


7 
: fn. A x fin. AC: tang. B x An. B:: An. BC x 


abt AC— ſw. BC x co/. BE & cof.C : R* x /in. C, 355 
by art. 214. 


Cox otra HI. 
1 If the triangle . .be right-lined, the ſame 


ſuppoſitions will give, BC :C:: BC: tang. B; for 


the ine of BC then becomes the ſide BC idlelt. 


"Tutors Is. | 
262. Let the ſame things be ſtill ſuppoſed, and 1 pk 
that; the Slaton. of the ft eee to ths conſtant 


angle 
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vo THESE 
angle is to that of the angle adjacent to this fide, as th 
tangent of the fide oppoſite to the conſtant angle is to the 


Je of the angle oppoſite to the conſtant ſide ; that is, 


AB: B : tang. BC: in. B. | 5 
DE MONSTRAT ION. 


According to the ſuppoſitions of the Theorem, 
in the triangle DEF, whoſe parts are all, by con- 
ſtruction, ſupplements to thoſe of the triangle BAC, 
the angle at E and the fide DE, adjacent thereto, 
will be conſtant. Moreover, by the fourth Lem- 
ma of this Chapter, the fluxions of the angle D 
and fide DF will be reſpectively equal to thoſe of 


the fide AB and angle B of the triangle BAC: but, 
by the laſt Theorem, we have, BF: D : : /in. DF: 


Zang. F; and therefore, ſince angles ſupplemental 
to each other have the ſame fine and tangent, we 
- ſhall get, by ſubſtituting for theſe quantities their 
correſponding values in the triangle BAC, and, in- 


vertendo, AB : B:: tang. BC An. B. Q. E. D. 


Coroltanry 1. 
263. Since we have, AB: B :: tang, BC : 


n. B, and alſo, by art. 256, C: AB:: fin. B: 
fin. BC; we ſhall find, by multiplying theſe two 


proportions together, B: C:: fin. BC : tang. BC 
: cf. BC: R (art. 11) :: coſ. A * R — coſ. B * 


of, C: : /in. Bx fn. C (art. 226) :: coſ. A * fin. AC 


x Jin. AB + cof. AC x fin. AB * R ; R', by put- 


ting for co. BC its value in art. 216. 
1 % 1... 
264. If the triangle be right- lined, /in. BC will 
then be = fang. BC, and therefore the fluxions of 
the angles B and C alſo equal: which thing muſt 
of neceſſity happen; ſince in every right- lined tri- 
5 „ angle 


7 
7 


3 
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angle the ſum of the three angles js always a con- 


ſtant Ph" and moreover by ſuppoſition one : of 
conſtatg, 1 RED ; 


SECT. Itt. 10 


Concerning the  fluxions of any ſpherical or nk 


lined triangle, wherein one of the angles and 
ts oppoſite fide are ſuppoſed conflant. 


THEOREM V. 


2 FP Suppoſe that in the triangle BAC the angle at Fig. 28. 
A and its oppoſite fide, BC, are conſtant ;, the fluxion 
of either f the other angles will be to that of its oppo- 


ite fide, as the tangent of this angle is to ibe tangent 
ef the fame / de, that is, B: AC: lang. B: t toug. AC; 
or, C:AB:: tang. C: : tang. AB. i 


DEMONSTRATION; 


Since the angle at A and the oppoſite bade BC. 
of the triangle BAC remain conſtant, and the pro- 


portion between the /es of angles and thoſe of 


their oppoſite ſides gives, in. C = = 86 5 fin. AB, 


A 
and, fin. B = = Fo x Jl in. AC; ; it is evident that, 


the fluxions of ,n. C and /in. B will be as thoſe of 
the /ines of the ſides, AB and AC, which are op- 
polite to them. But, by art. 250, the fluxion of 
the arc which meaſures the angle C is to that of 


the arc AB as Fir. © 6140 fon. AB , Or, which isthe ſame, 
5 x G | of. AB 


1c Fa AB * 
E: ; AB ne; AB algo, J. C: * AB : 


fin. C: fin. AB (becauſe the relation of V7 2 * 
f in. AB n be conſtant); en, if „ fit n. C 


S4 


2 2 Ft 


yz SPHERICAL 


fin. AB be ſubſtituted for Fin. 2 2 1. AB in the two 
laſt terms of the preceding proportion, and after- 


wards the rangents into which they may be changed, 5 
we ſhall get, G: AB : : tang. C: tang, AB. —— 


We might prove in the e manner that, B AG 
"BE: B: zang. AC. © 2, > » nk 


CoROLLARY . 
466. If A = 900, we ſhall have; G: 3: R 
: fin. AC, and alſo, B : AC: R An. . 228. 


COR OIL LARY II. 


267. If the triangle be right-lined, the: eaten 
of the angles B and C will = equal ; fince the ſum 
of the three angles, as well as one of theſe angles, 


are conſtant quantities. Moreover, the tangents of 
the ſides, AB, AC, become then the ſides them- 

ſelves, and therefore we ſhall have; As the fluxton 
of one of the angles is to that of its oppefit te fide, fo is 


-.. e tangeni of this angle to the ſame fiae; that 1 IS, E. 
AB: tang. C: AB, or, fince C = B. B: A AB:: 


tang. A* AB; and, C: A : lang. B: AC. 


TT hh 
268. Suppaſing ftill one angle with its oppoſite fide 


conſtant ; the fluxions of the other ties ſides will be as 


the cofines of thar oppoſite angles, and thoſe of the 


other- two angles as the rofines of their oppoſite Har 


that is, AB: AC :: vo. C; coſ. B, and, B . 
cof. AC : caſ. AB. 


DEMONSTRATION. 


1 taken Di = DB, and Dc = DC, A is 


manifeſt that, the angles at ö and c will be ri . 
as alſo bc = 8y; and conſequently (by taking fro 


oY * * th oe Be, Which is com- 


mon), 


TX BL 
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mon), 865 K cy. This being p remiſed, from the 
2 led triangle 85 we hall get, "Bs : b8 : 

81 81 and allo from the! Holit-ahgled U 

1 of C ::: Toſi: Co: R; er by the 


— of correſponding terms, BE: 1 2 


cof. C: ca B; or, AB: AG: . of. * 
N | 
2. In the triangle DEF, whoſe parts are ſeve- 


rally the ſupplements to thoſe of the triangle BAC, 
we might find, BF: EF +: oo. E.: tof. D: where= 


fore, by ſubſtiruting for each term its correſpond- 
10g value in the triangle BAC, we ſhall gre B :.G 
ee : ee Q. E. 2 . 


Conor ran? I. 


269. Shics we Hue, AB : AG :: cf. C: V B. 


we ſhall alſo have (by art. 22 5) : cf; AB Ne An. AB 


* R—coſ. AC x cf. BC x fin. AB : of. AC x 


fn. AC XR — ud. AB cf. BC x fin. AC: and, 


ſince we have, C: B:: roſe AB = cof. AC, we fhall 
| likewiſe have, by 


RR- 
 ConoLtany:: II. 


270. Since we have, by Theo. V. AE 6: 


tang. AB: lang. C, and, by the preſent Theor, 
CB: of AB: coſ. AC; if we multiply the cor-- 


reſponding terms of theſe two ptoportions toge- 


ther, we ſhall get, AB: B:: R An. AB : tang. C 


* x caſ. AC. BY a ſimilar proceſs we might find, 


AC: G:: R x fin. AC : tang. Bx cf. AB. Then, 
if we ſubſtitute in theſe two proportions for Vn. AB 


I AC, their reſpeive values, 


putting for ceſ. AC its value in. 
art. 216, and dividing the two laſt _ by 2 


FT: _ . C s ZI 
. 8 — 2 e 


Jn. AE x fir C, 
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A . 
44 2 2 „ the following analogies will 


"3 AB B: : tang. AC x coſ. C: Rx in. B, 
and, X G : : tang. AB & coſ. B:: R * fn. C. 


Likewiſe, if _ N ſubſtitute, in the firſt pro- 


portion, Er — for ce. AC, we ſhall find, AB 


B: 1 AC 3 AB: tang. C in. AC:: 
tang. AC x cof. SY — ſn. AC & coſ. BC. 
. B x fir. AC? AC x /in. B 

"MN 
Ive, given in art. 225,—— Moreover, if we ſup- 
poſe the angle at A right, we ſhall get, from the 


latter proportion, AC: C:: Jin. 2AC : Rx 


t. C; by putting for tang. B and co/. AB, their 
co y putting for tang. B ©; Foxy 1 


BC 


= by putting for of. C its va- 


| cot. C x R | 6 
values in art. 228, e and e and 


for fin. AC x cof. AC the expreſſion which 1 is equal 


WEE; Te: 

| CoROLLARY III. 

| 271. If the triangle be right; lined, the fluxions 
of the ſides will ſtill be as the co/ines of their b. 
poſite angles; and the fluxions of the angle 
the caſines of their oppoſite ſides. But, FE in in 
this caſe the ſides are, or may be, conſidered as 
arcs indefinitely ſmall; their co/ines will be all equal, 
and therefore the fluxions of the angles alſo equal ; 


a thing that we may be eaſily convinced of * other 


* 8 


different conſiderations, | 
SECT. IV. 


- 


Concerning the fluxions of a * or right- 


fined triangle, when two of its * remain 


conflant. 
11 VII. 


2 72. The fluxion of the angle contained betabeen the 


two conſtant * bs to the — of either. of the other 
25 Jo 


for 


| two angles, as the product of the fine total and fine of 
the variable fide is to the product of the fine of the 
g ide oppoſite to the latter angle and the coſine of the 
l third angle adjacent to this fide ; that is, by ſuppoſing 
4 the ſides AB and AC conſtant, A: B:: Rx/in.BC Fig. 29- 
3 : fin. AC X coſ. C, and, A: C:: RX in. BC: 
8 fin. AB X coſ. 8B. 3 eee eee, 
: | DEMONSTRATION. 
— Suppoſing the angle BAC changed to BAc, let 
. the ſides, AC, Ac, be produced till they become 
9 quadrants, ACF, Ac; and, it is manifeſt that, 
1 FF will be the meaſure of the variation of the an- 
gle at A: in like manner, let the ſides, BC, Be, be 
* produced to, G, g, ſo that, BCG, Beg, may be each 
B g0® ; and, it is again manifeſt that, Gg will be the 
1 meaſure of the variation of the angle at B. More- 
| over, let there be taken upon the ſide Bc the arc 
By = BC, and there will by this means be formed 
=Y the triangle Cyc, right angled at „, wherein the an- 
: gle ycC is perceptibly equal to the complement of 
1 the angle C. This being premiſed, on account of 
* the ſimilar ſectors, Ef, Cc, we ſhall have, Ff: Ce 
5 2 R: n. AC; alſo, on account of the right - an- 
1  gled triangle Cyc, Cc: Cy: : R: coſ. C; and, on ; 
3 account of the ſimilar ſectors, Cg, Cy, Cy: Cg :: 
* in. BC: R; then, if we multiply the correſpond- 
ing terms of theſe three proportions together, and 
ſubſtitute in the reſulting product the values of Ef 
0 and Gg, we ſhall get, A: B:: R x in. BC: in. AC 
= x cof. C. We might prove by a ſimilar proceſs 
2 that, A: C:: Rx. ſin. BC: ſin. AB x coſ. B. QED. 
Conor!!! 
273. If in the firſt proportion we put — _—_ 


for fin. AC, we ſhall find; A: B. Rx. n. * 


5 SPHERICAL 


An. B & co. C: An. BC x tang. C: fin. AC X /in. 0 


tby multiplying the two laſt terms by a 42. . 2 
In. A X tang. C: fin. B x An. C (by fubMlhning for 


| fn. BO irs value, SGH =): : fin. BC xtang.C 


B 


: fon. B x fin. AB (by taking away fv. C in one of 


the preceding compariſons) : : in. BC : cf. ABX 
R — ce. AC x coef. BC (by putting in the firſt pro- 
portion the value of c. C, given in art. 225) :: 


fin. AB x /in. A: fin. AC x J. f. 2C (by ſubſti- 


tuting in the ſame proportion = = 5 — = for 


fv. BC, and J. f. 20 for IEEE) :: Rf 

450. B cof. AR . B x cof. B x cot. A (by ſub- 

tit — 
ne "AA 

x ,in. B — c. A x coef. B x R (art. 221) for ca. C, 


and cot. A for 8 ) os : of. AB x RR 


— fin. AP x coſ. R x cot. BC; _—_ away 32 
(art, 214}, and putting R* 05 es + coſ.*B 
e 0M: 
274. Similar ſubſtitutions in the ſecond propor- 
Yom. will give the- d 4 
: B* fon. A: fin. C x oof. : fin. BC X lang. B. 
fr. AB > fin. B : tang. B X iu. BC: fin. AC x 


4.0 >: Hang, Bx in. A: fin. 1 C Au. BG 


: coſ. AC X R t AB x dg. BC. 


Corollary III. 


27s. If the triangle be right-lined, the {ines of 


S wilt then become the ſides themes, and 
therefore we ſhall haye;; A: B:: RV BC: AC 


eef. C, and, A: 3 R x BC: AB x of..B; that 
is to fay, The Puxions of the angle included betewcen 


the — * and either of the other tw et 


for fin, AC; cof. AB x. ſin. A 


ompariſons ; A: E 


. TRIGONOMETRY. 7 
ö ul be in tbe dire. compound ratio of the fides oppaſite 
4 theſe angles and of . « radius to the ae of the 


- third angle. 
f Tuzpnnu VL: 
: 276. The Nuxion of the angle contained between the 
f | conflant Sides is to that f its 7% te fide, as radius 
£ Squared $5440. the retlangle under t Ht ne ＋ either of the the 
: 72 2 angles and that of its adjacent f Ade; that i is, A: BC Fig. a9. 
N * R* iu. C x fin. AC: : R* : fin. B x fin. AB. 
DEMONSTRATION. 
= | The ſimilar ſectors, F fe Cc, give (as we have 
| Already obſerved), Ef. : Cc :: R: fin. AC and 
the little nene triangle Cyc, Cc: v:: R: 
4 C; wherefore,' b oY multiplying. correſpondin 
'Y | terrhs together, we ſhall get, F, PP. R Ne 
> e. C5 o, A: BO: R. in. AC . n. C. 
By ſuppoſing the angle A to flow towards B, we 


4 HY  Qoultfindinlike manner, TE . R* 8 _ 
: TED >. QE. D.. 
1 Co RO vs 4* 1 rol 
* 1 277% Lowe 80 K e of - png 2 
5 for on, AC, we ſhall get; yur BC: R* x ſn. A 
; An. BC: fin. B x fn, C:: R X fin. £ iv. AB 
e Rf: xn BO Foy C 1/1 "AB 
5 h. . by punting PX for, 
CAA II. 0 
1 278. 1 We triangle be Wee we that 
X have; A: BE e 5n, C:: R': AB x 
ER AD. 0 g AD to be a per- 
6 EW! lar 505 fall. rom le A upon the op- 
K olite [i : whence we infer that, if two lides 
= of a ce riangþe b be RO The” Ramon of 


"— 1 


1 ' SPHERICAL 

the angle included between theſe fides will be to that of 

its oppoſite fide, as radius is to the ome let 

Tall from this angle upon the ſaid fi de. | 
__TuxzoxreM IX. 


2 79. The fluxion of either of the angles adjacent to 
the variable fide is to the fluxion of this fide, as the co- 
tangent of the other adjacent angle is to the fine of the 


Fig. 29. ſaid fide ; that is, C: BC: : cor. B : : fin. BC, and, 


B: BC: : cot. C: fin. BC. | 
_ DEMONSTRATION. 


Since we have, by art. 272, A: Cy : RX in. BC 
: fin. AB x co/. B, and, by art.276, BC : A: An. C 


x. ſin. AC: R? 3 if we multiply thefe two propor- 


tions together, we ſhall get, B BC: C:: An. BC x 


In. C x in. AC: RX. in. AB x ceſ. B: : fin. BC : 


F. ABX of B R 


. N - AC :: n. BC: cot. B; by ſubſtituting 


D for fin. AB, and cot. B for F. 


and conſequently, B BC: C: : fin. BC : cot. B, or, 
invertendo, C: BC: cot. B: : fn. BC. Q. E. D. 
CoroLlLary IJ. 


0 20: Since, B : BC *; cot. C: fin. BC, it will be 


eaſy to obtain the following compariſons  : 3 


fin. A x ſin. AB 


eof. C: fin. AB x fin. A (by putting 7 U 
for fin. 8 Sc.) :: RR: lang. C * An. BC (by 


putting _ c for ot. C) :: cot. C x fn. B : fin. AC 


x fin. A (by. ſubſtituting EEE for /in. BC) 
R 5 Inu. BC X. ſin. B X R | 


— 
9 0 
32 
2 
* 


C 


7. AB x ſin. BO B XG Bc (by art-214) . 
15 af AB x fn Be BC: . BC X 


Ain. 
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| .ABXR cot. BC X R 5 

f Jin. B:: = 2 8 — — R (by Sc 
| 5 co cot. : 

by fn. BC * /ir. B, Sc.) :: cot. AB — as 

We 


: fin. B, by multiplying by n. B, &c. 
might find compariſons exactly ſimilar for the pro- 


- KF portion, C: BC :: cot. B: fn. BC; but think it 
unneceſlary to particularize them. | 


5 | | COROLLARY II. 


65. Since, B : EC: : cot. C: /in.BC, a FE 


: ſin. BC : cot. B; if we multiply the corre- 
23 terms of theſe two proportions together, 


OS. 


: _—_— B: C:: tang. B: tang. C:: K 
4 {He . B 4. C : ſin. C x coſ. B: ſin. AC » 
; of. C : fi AB x oof. B. by ſubſtituting, LL og 

, for /n. C. 


Cox ol LAAv III. . 
z NF 282. If the triangle be right-lined, the The- 
__ orem will ive, BC : . : BC: cot. B: : BC *. in. B 
: coſ. B N or, as the perpendicular let fall from 
the angle C upon the fide AB is to the cofine of the 


angle B. In like manner, BC will be : B:: BC 


- cot. C; | an laitly, B : E: : tang. B: tang. C. 
3 8 E C T. V. 1 
7 Concerning the fluxions of any Pherical Tri ri- 
. angle, whereof two A the —_ are ſuppoſed 
: conflant. 
} _ MT X | 

| 283. Suppoſing the two angles, B, C, in the ſphe- Fig. 28. 
_ . rical triangle BAC conſtant; the fluxion of the fide to 
| ſes thi 8 are adjacent will be to that of * 
L AST : 
be . 


1. 8 PHERICAIL 


Fig. 11. 


* the other fides, in the dire 71 ratio of the 
s of the angles oppoſite to theſe ſides and of the ra- 


Eo to the coſine of the third ſide ; that i _ KC: AB 


/in. AX R: ſin. C x co. AC. 


DEMONSTRATION. 
In the triangle DEF, which has all its parts ſup- 


plemental to thoſe of the triangle BAC, the two 


ſides, DF, FE, will be variable: whence this caſe 
appears to be reduced to that of the firſt Theorem 


of the laſt Section; therefore, we ſhall have, F: P 
: R x fin. DE : fin. FE x cof. E; and, by taking 


the correſponding values in the triangle BAC, 
BG: AB: Rx ſin. A: fm. C x uf. AC. We 
2 ht prove in like manner that, BC : AC : :R 


*. A : fin. B x coſ. AB. Q. E. D. 
TE IfOREN XI. 


284. The fuxion of the ſide contained between hs 
' Conſtant angles is to that of the oppoſite angle, as the 


_ of either of the other ſides is to the ſine of the 
ant angle above this fide ; that is, BC: A:; 


 coſec, AB: ſm. B:: coſec. AC : ſin. C. 


DEMONSTRATION. 

It is well known, that the rofetant of an arc is 
equal to the ſquare of the radius divided by the 
fine of this arc; therefore, the whole is reduced to 


prove that, BC: A:: R= 3 Bx fin. AB; 23 
caſily done by means of triangle DRF an 


Theo. VIII. by ne a method ſimilar to that uſed 

in the demonſtration of the laſt Theorem. QE. D. 
 _ _THEoRrEm NIL. ; 

+ - 285. The fluxion of either of the fides appojete tothe | 

eonflant angles is to the fuxton of the third angle, as 

ile Teangens e's nn 


arg e; 


en 
Pr 
th 
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wi 
A 
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9 that is, AB : A: : cot. AC : fm. A, and, AC 


; cot, AB : : ſm, A. 
DEMONSTRATION. 


I.!his propoſition may be immediately deduced . 
from Theo. IX: by applying it to the triangle DEF, 
and making the neceſſary changes. QE. We 


Corollary | 


” 286. It follows from the laſt Theorem, that the 
fluxions of the ſides, AB, AC, oppoſite to the con- 
Rant angles, are as the zangents of theſe ſides. | 


” CoROLLARY Il 
287. By ſuppoſing the triangle right-lined, the 


firſt Theorem ſhews us, that the fluxions of the 
ſides are to each other as the. /iyes. of the angles op- 


fite to theſe ſides; . which thing is alſo wall 
own by, and eaſily proved from, the elements of 
Geometry. From the ſecond. Theorem nothi 


can be deduced, ſince in a plain triangle, which 18 
| ſuppoſed to have two of its angles conſtant, A can- 


not obtain, The ſame aſſertion may be made with 
reſpect to the third Theorem: Laſtly, from the 
ran, Corollary, it may be inferred, that _ 
uxions of the ſides are as the ſides themſelves; 
thing likewiſe demonſtrable by the elements of 
plain Geometry. 0 


| OBSERVATION. OE! 
288. The foregoing Theorems might have been 


eaſily demonſtrated from. the figures uſed in the 
projections, by finding the evaneſcent relations of 
the different lines therein deſcribed. They might 
likewiſe have been deduced from the formula 
which have been obtained by the application af 
Algebra, by ſuppoſing —_———— , c, 
0 alete, 2 accarding to che conditions 
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182 SPHERICAL 
of the Theorem to be demonſtrated, and then paſſ. 
ing from the fluxions of the ines, tangents, &c. to 
thoſe of the arcs of a circle: but the method of 
Mr. Cotes appeared to me the cleareſt, and at the 
fame time the eaſieſt; for which reaſon I have not 
given much more than a tranſlation of his excellent 
little Treatiſe, De ęſtimatione errorum in mixtd 
Matbhęſi: the theory indeed I have attempted 
to render ſomewhat more ſimple, by applying it to 
plain triangles in bare Corollaries ; but ſuch a li- 
berty I hope my readers will candidly excuſe. 
What now remains is to make ſome applications 


of this theory to different examples. 


EXAMPLE I. : 

Fig. 30. 289, Let there be an object whoſe height, AB, we 

= eppuld meaſure by taking with an inſtrument the angle 
ACB; it is required to determine what error may be 
committed with reſpef to the ſaid height, by ſuppoſing 
 theerror inthe meaſure of the obſerved angle to be known, Ir 


| SOLO LION . " 
It is manifeſt that, in the triangle BAC, the fide. — 
AC and right angle, A, remain conſtant; therefore, 


by art.258, we ſhall have, AB: C:: BC: /in. ABC 
: 2AB : iin. 2ACB(forby ſubſtituting for /iv. 2ACB 
its value 2 — 1 Wy by art. 13, this pro- 
portion becomes, BC: R:: AB: Ain. ACB); and 
conſequently, The error of the height AB is to the mea- 
fure of the error of the angle C, as the double of this 
height is to the ſine of the double of the obſerved angle. 
The error therefore, which can prevail in the de- 
termination of the ſaid height, will be the leaſt 
poſſible, when the ine of double the obſerved an- 
gle is the greateſt poſſible; that is, when this an- 
_ gle is 459: for which reaſon,” when we would find 
the height, AB, of any object, by the * 
3 J ils Ile | 3 5 0 
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of any angle, as C, we muſt ſo eontrive it, that 
the angle obſerved may be the neareſt 459 poſſi- 
be. KL: en TE 
290. Let us now poo to diſcover what the 
error of the height AB may be, upon a ſappoſition 
that a miſtake of one minute is committed in the 
determination of the angle C. If we make the ra- 
dius = 10000000, the arc of a minute, which mea- 
fures the ſuppoſed error, will be 2909 ; the double 
whereof is 5818 : but this quantity is to the /ize af 
double the angle of 45? or to radius, as 1 to 1719 3 


and therefore, according to this ſuppoſition, the miſ- 


take concerning the ſaid height ABwill be th part 
of the height itſelf. —— If the error of the angle, 


-ACBy be increaſed or diminiſhed, the error of the 


height will be increaſed or diminiſned in the ſame 


ratio: alſo, if the angle obſerved be greater or leſs 
than 43, the error of the height will be increaſed 
in the ratio of radius to the ine of double the ſaid 


angle. CCC 
CFP | 
291. 1t is required to find - the hour of | the day of 


night, by obſerving the altitude of a ſtar; and alſo to 


aſſien the error of time, by fuppoſing the error in the 


obſerved altitude to be known. 


"CS. O LU EEO 


Leet there be a ſpherical triangle PZS, wherein Fig. 31. 
P is the pole, Z the zenith of the place of obſer- 
vation, and S the place of the ſtar obſerved; then 


will PS be the complement of the ſtar's declination; 
Zs the complement of its altitude; PZ the com- 
plement of the latitude; and the angle Z PS a va- 


riable hour- angle contained betwixt the conſtant. 


ſides, PZ, PS. This being premiſed, the fluxion 


of the hour-angle SPZ is (by art. 276) to the 


fluxion of the oppoſite ſide SZ, as the ceſocant of 


the. 
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the angle PZS ; is to the fine of the fide PZ or, 
P: ZS: : R=: : fin. Z X fin, PZ: but the variation 


of the angle at P is the meaſure of the error in time; 
therefore, by taking P for the ſaid error, we ſhall 


SOT. oF: „ 25 
get, Porr= A . MES, 


: | CORO L L ART. | 
292. It Solloine e hence that, if we « fappoſe 


the 5 error to prevail in different obſervations, 
and the latitude of the place to continue alſo the 


ſame, the error of time will not be altered, what- 


ever he altitude of the ſtar in the given vertical be; 


8 = will be always a conſtant quantity. 


Moreover, we may perceive that, by ſtill ſuppoſing 
the latitude conſtant, the error of time will be the 
leaſt, when the ſtar is obſerved on the prime ver- 
tical: and, if we aſſume two different latitudes, 
the error will be the leaſt poſſible, when the ob- 


ſervation is made at the equator, and the ſtar ſitu- 


ate on the prime vertical. For inſtance (granting 
the truth of. theſe two aſſertions); if we ſuppoſe a 
miſtake of one minute to be committed. in the ob- 
ſervation of the altitude, we ſhall find, by making 
the calculation, that the error in time is 4“: but, 
if we again ſuppoſe the obſerver to be removed to 
a certain diſtance from the equator, the error then 
(provided the ſtar be ſtill obſerved on the prime 


W will be to that aforegoing, in the ratio of 


radius to the caſine of the latitude; fo that for a la- 
titude of 459, the error will be 3˙3; for a latitude 
of 50%; 62, and for a latitude of 537 6-37, 


Laſtly, if a ſtar be obſerved on any vertical inclined | 


to the meridian, the error will be yet increaſed with 
regard to thoſe above given, in the ratio of radius 

o the Line of che angle · contained between them: 
b and 
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and its variations at the ſame time depend on thoſe 


. in the firſt obſervation “. 


ExamPeLe III. 
293. Let, LSK, LSK, be two * or cir- 
cles parallel to the Lori. Zon, and, 8, S, the points 
where a ſtar (whoſe declination is ſuppoſed the ſame 


during the whole day) paſſes over theſe circles; it is re- 
quired to find what the relation of the an les, PES 


PS Z, made by the bour- circles, PS, PS, with their 


correſponding verticals, ought to be, ſo that the time 
taken up by the ſtar in paſſing from one almac enter to 
the other may be the leaſt poſſible. 


| | SOELUTEON | 
From the data of the Problem it is manifeſt 


that, in the triangles, PZS, PZS', the ſides, PZ, 
28 and ZS, remain conſtant, whilſt the ſides, PS, 
PS,, vary. Let then h and be put for the hour- 


angles at P; S and S for the angles at the ſtar at 
S and 87 made by the hour- circles PS and PS“ 
with the correſponding verticals ZS and Z8, and 
let D repreſent the declination ; the fluxion where- 


of, D, will be negative, ſince, if the declination be 


arcs, PS, PS, will decreaſe as the declination in- 
creaſes. This being premiſed, we ſhall have, by 
cot. S x D 


art. 279, þ = — I and, in like manner, 
: Cot. S' B. 
b = — = 5 : then, fince the time over the 


arc SS' is to be a minimum, the difference of theſe 
fluxions of the hour-angles mult be equal to no- 

cot. S X D cot. S' X D 
thing ; Or, SW. — . 


we immediately deduce, cot. S = cot. 8; and there- 
B b fore, 


.* For theſe two Examples ſee Cotes's ——— 


| AS 


= O whence 


Fig. 32. 


northerly (as we have at preſent ſuppoſed it), the 


* 


- 7% 
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fore, S=S', Now, if this ſtar be the ſun, and 


one of the almacanters coincide with the horizon, 


whilſt the other becomes the crepuſcular circle 


(which is uſually ſuppoſed to be 18 below the 
horizon), the conſequence juſt inferred intimates 


to us, that, on a day when the thing required hap- 


pens, the angles at the ſun, both at the horizon 
and crepuſcular circle, are equal. From this conſe- 
quence therefore, the day of ſhorteſt twilight may 
be found, provided we firſt ſeek what the declina- 
tion anſwering to this determinate relation of the 
angles at the ſun ought to be: which we proceed 
to do in the following 


PRO BE LE M. 
294. Suppoſing the angles, made by two hour-cir- 
cles with their correſponding verticals, equal; it is re- 


quired to find the ſun's declination anſwering thereto, 


Fig. 32. 


S0 LUTON, | 

Let S and S repreſent the angles contained be- 
tween the hour- circles and their correſponding ver- 
ticals; C and C' the diſtances of two almacanters 
from the horizon ; L the latitude of the place, and 


D the ſun's declination: then (by art. 225) we 


% D X co. S 
KC 7 
and — — 


ſhall get from the triangle PZS, 
R Xx In. L — In. C Xx An. D 
: coſ. G 2 


R X in. L ＋ An. C/ X. fn. D from the triangle PZ S; 


co. C 
putting + before /in. C“ in the ſecond formula, 
becauſe Z8“, as well as its oppoſite ſide, is obtuſe. 
Now the firſt members of theſe equations being 
equal, the ſecond will be ſo likewiſe, and give this 
new equation, Rx ,in. L x cf. C! — fin. C x /in. D 
* cof. C =R in. L x coſ. C+ in. C“ x fin. D x 
coſ. C: whence we immediately deduce, /in. C' x 
ef. C + fn C X cg. C: R & of. C — ces. C:: 


fin. 


wes Y# Yip WW 


arc, and this arc will be, X 
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An. L: n. D; or, by art. 85, ſin. C+C: coſ.C! 


— cof. C : : fin. L: /in. D, or otherwiſe, by art. 87 
3 e ä 

and 94, coſ. ns] fin, 2 in. L.: ſin. D. 
Then, if we ſuppoſe C = o (as it really muſt be in 
the caſe of the ſhorteſt twilight), we ſhall get this 


laſt proportion; R: — rang. — 22 ini : fin. D; 


that is to ſay, As radius is to the tangent of half the 


depreſſion of the crepuſcular circle below the horizon, ſo 
is the fine of the latitude to the fine of the ſun's declina- 
tion: where obſerve, that, as the declination is ne- 


gative (becauſe tung. - is preceded by —), 1t muſt 


be of a denomination contrary to the latitude of 
the place, | 


Orp Mzrronr of SOLU TION. 
295. Let à be put for the coſine of the hour- 
angle at the inſtant when the twilight ends, and 


the angle itſelf will be repreſented by, I ee 


alſo, let z be put for the co/ine of the ſemi-diurnal 


* 


— : then muſt 
171 — 2 . ; 


: Fu - 
Jr 2 r* | 


for the ine of the latitude, and g for its coſine 3 5 


O. Moreover, let c be put 


for the /ine of the depreſſion of the crepuſcular cir- 


cle below the horizon, and y for the /ine of the 


| * . . | ; . hr N cry 
Tun's declination; and we ſhall have, « = —==, 
e W 
and, à2 = —== : then, if by means of theſe 
c | gy r* —y | | 


values we exterminate ꝝ and 2 in the firſt equation, 
and afterwards divide by y, we ſhall get, hy* + 


2 cry - g by —2cr*y—chr* = 0; whence, y 


B-b 2a: | | ==F13 


c ; * - "ON a 


IPHERICAL- - uw 


— tf F* — 52 — ere 7 — 5 
5 7 and, 5 "4 N 


9 — } 


h 


® 72 | 
But of theſe (four) values of y, the two firſt, indi- 


cating the ſun to be at the pole (where it can ne- 


ver phyſically arrive), are foreign to the queſtion 


| and unapplicable : of the other two, the greateſt 
gives the minimum of the ſum of the ſemi-diurnal 
arc, and the arc which the ſun paſſes over from 


noon to the end of twilight; whilſt the leaſt gives 
the minimum of the difference of theſe arcs: con- 


ſequently, the declination required hath for its 
fine, y= — = — —» Therefore, if we put 
t for the tangent of half the depreſſion of the cre- 


puſcular circle below the horizon, we ſhall have, 
. f 


by art. 75, y , or, r:t::c:—y; which 
ſhews, as before, that the ſun's declination 1s of a 
denomination contrary to the latitude of the place“. 


OBSERVATION. 


296. From the firſt of the two, preceding ſolu- 
tions. it follows that, if any two ſpherical triangles 
have two ſides equal each to each, and alſo an 
equal angle, oppoſite to one of the equal ſides, we 


ſhall have this analogy ; As the coſine of the fide ad- 


jacent to the equal angle is to the coſine of the fide op 


pofite to the ſame angle, ſo is the coſine of half the ſum 


of the other two ſides to the coſine of half their differ- 
ence. —— This proportion 1s immediately deduced 
8 


T... n. D, 


by obſerving that the particular denominations in 


the Problem will be rendered general, if ſuch things 
only be preferved as are eſſential to the triangles 
wie have occaſion to conſider. — | 


If, 


conſult Maupertuis s Aſtronomie Nautique, p. 38, &c, 


„Should not this ſolution appear entirely perſpicuous, | 


ob 
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If, in like manner, it was required to find what 
the declination of a ſtar ought to be, fo that, in 
paſſing over the interval contained between two 
given hour-circles, its change in altitude might be 
the greateſt poſſible; we ſhould get by a ſimilar 
Prong and with the preceding denominations, 


. =" „ 


: tang, L: tang. D *. 


EAM LE IV. | 

297. 7 o find at all times the correction neceſſary to 

be made for noon-day, as deduced from corre}ponding - 
altitudes of the ſun ; whoſe declination may be ſuppoſed 
to undergo a little change during the interval of t- 


equal altitudes. 
; SOL UFLIO@N 


Aſtronomers (in order to be certified of the in- 
ſtant of noon) take the altitude of the ſun's centre 
ſome, time in the morning; then obſerve at what 
time in the afternoon it comes to the ſame altitude, 
and afterwards take half the interval of time elap- 
ſed between theſe two obſervations, as marked by 
a clock, for the inſtant of the ſun's paſſage over 
the meridian, Now this method would be quite 
exact and rigorous, provided the ſun did not 
change its declination during the interval of the 
obſervations ; but this is a thing never ſtrictly 
true. At the time of the ſolſtices this error is the 
leatt poſſible, becauſe then the ſun does not ſenſi- 
bly change its declination for two or three days; 
but at all other times of the year the operation 
abovementioned wants a correction, which it is re- 
quired by this Problem to determine : for, it is 
evident 


— _- — — 


” T me it appears that, as ZS/ and the angle ZPS/ are 
| & + b* h—ht 
obtuſe, the proportion ought. to be, Sin. NCT 


$1: U tang. D. 


wo -- SPHERICAL 
evident that, the ſun when in the aſcending ſigns 
arrives W. at the ſame altitude, and ſooner when 


in the deſcending ſigns; and therefore, in the ſix 
firſt months ſomething muſt be ſubtracted, and in 


the ſix other months ſomething added, that the 


preciſe inſtant of noon- day may be obtained. 
Now to find this correction; let Ps be an hour- 
circle vety near to PS, and terminated by the ſame 
almacanter LSK: then, it is manifeſt that, the 
angle SPs, reduced into time, will expreſs how 


much later, or ſooner, the ſun arrives at the ſame 


altitude in the afternoon than in the morning ; and 


conſequently, the half thereof will be the time 


which muſt be ſubtracted from, or added to, the 


inſtant of noon deduced from correſponding alti- 
tudes. This being premiſed, if the change in de- 


clination be ſuppoſed ſo ſmall, as to coincide with 
the naſcent variation or fan of the arc PS; it 
is evident that, the ſides, PZ, ZS, of the triangle 
PZS will remain conſtant, whilſt the ſide PS va- 
ries. But in art. 280 we inferred that, B : BC : : 

cot. AB ＋ cot. BC BC 


b R and therefore, by ſuppoſing 


the points, B, A, C, to repreſent, P, Z, S, we ſhall 


have, P = 2 X tang. lat. = — 4 formula, | 


nt fn P — lang 

exactly agreeing with that which Mr. Maupertuis 
hath given in p. 34 of his Aferonomic Nautique : 
where obſerve, that the ſign + prevails, when the 
_ declination is ſoutherly, but the fign —, when it 


is northerly ; as we may be eaſily convinced from 


the ſolutions given in the preceding Chapter,- 
The half of this expreſſion, reduced into time, will 


be the correction required. Q. E. I. 
3 They, 


3 — * 


* See | Robertſon 5 Tranflation of De la « Caill $ 13 
P. 150. 
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They, who are deſirous of ſeeing a variety of 
other applications of fluxional analogies, may have 


recourle to the Memoirs of the Academy for the year 
1744, or to the Aſtronomie of Mr. De la Lande. It 


may be proper, however, to obſerve, that ſeveral 


of the ſolutions obtained by this means are not at- 
tended with à truly Geometrical ſtrictneſs; but 


approach ſo much the nearer to preciſion, as the 


arcs under conſideration approach the nearer ta 


naſcent arcs. —, We ſhall now conclude this 


Chapter with the ſolution of - a Problem which is 
more curious than uſeful (but may nevertheleſs in- 


timate to us ſome important truths, by the ſim- 


plicity of the ſolution whereat we arrive), viz. with 
finding the area of any ſpherical triangle. Several 


_  Geometers, amongſt whom may be reckoned Mr. 


F. Bernoulli, have inveſtigated the quadrature of 
this portion of the ſurface of the ſphere ; taking 
for the element (indefinitely ſmall part) thereof a 


differential (fluxion), whoſe integral (fluent) de- 


pends on the quadrature of the hyperbola. The 


ſubjoined ſolution, which we have in a great mea- 


ſure deduced from the Works of Dr. Wallis, is in- 


diſputably one of the moſt elegant that can be 
given, and may furniſh us with methods of obtain- 


ing, by the quadrature of the circle, the fluents of 
ſeveral fluxions which appear very complicated. 


P RGA 


298, Tofind the area of any ſpherical triangle, BAC. Fig. 33. 


8 LUFT ION 
In the firſt place, let the ſides, AB, BC, con- 


taining any angle, B, be produced, ſo that, B A“, 


BCS, ABa, CBe, may be arcs of 1809; and, it is 
manifeſt that, the triangles, ASC, aBcr, will be 


equal in all reſpects. In the next place, let a plane 
be conceived to paſs through the points, A, C; a, c, 


and 


K 
Ii y 
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and of conſequence through the centre of the 
ſphere; and the ſurface AC Bac will be equal to 
that of an hemiſphere; which we ſhall denote by 5, 
putting the radius of its great circle , and cir- 


cumference S c. This done, if the triangles, ABC, 
CBa, aBc, cBA and AbC, be repreſented by, M, 


O, N, P and u, reſpectively, the portion of the 


ſpherical ſurface þABC5 . be determined by this 
25 | 


_ analogy, 0: B:: 25 Fe = MTN or M +N; 


the portion ACaBA by, c: A:: 25: * = M + 


O, and that of CBcAC r : 27: 2 =M 


+P : then, if we collect theſe three equalities, 
we ſhall have, B +A+Cx == 3M +N+0O 


FTP; whence, as M + NT OTP =, M, or 
the area of the triangle BAC, will be found = 


HT ATC x _ — +53 or, as the ſurface of an 
hemiſphere = cr, it will be otherwiſe found = 


A+B+Cxr—io=A+B+C—}cxr; 
and therefore, if from the ſum of the three angles 


of any ſpherical triangle 180 be ſubtracted, and 
the remainder multiplied by the radius ( = 


572957795), the product will give the ſurface 


of fuch triangle in ſquare degrees. 


® See Emerſon's Trigonometry, p. 187, ad edition, 


HAF. 
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CHAP. VI. 
Abplication of the formule demonſtrated in the 
ſecond Chapter to ſeveral Problem f 
Aſtronomy. 
Hough, by the Tables annexed to the oe” 
Chapter, our readers might be enabled to ſolve 


all the Problems, which can be reduced to any of the 
caſes of right or oblique-angled ſpherical triangles; 


yet, as they, who are not well verſed in the | per- 


formance of trigonometrical calculations, might be 
afraid of committing miſtakes upon applying the 
rules therein given to the Logarithms, we thought 


- ourſelves under an indiſpenſible obligation of an- 


nexing a proper number of examples; in order to 
render this little Treatiſe as complete as poſſible. 
We might, like all other Writers upon Trigono- 
metry, have made the applications to triangles, 


| whoſe parts ſhould have had no particular deno- 
mination; but we judged it better to conſider the 
| ſeveral triangles as relating to the circles of the 
ſphere, that the ſolutions "thence derived might 
become more intereſting to Learners. 


We 
will ſuppoſe then throughout this Chapter the 
principal circles of the ſphere to be denoted, as 
they are exhibited in fig. 34, viz. HOR to be the 
horizon; AOQ the equator; IEL the ecliptic, 
making with the equator an angle that diminiſhes - 
very ſlowly, and which, with moſt other Aſtrono- 


mers, we will here imagine to be 23? 28 30 


and PZH the meridian, wherein, P, p, repreſent 
the poles, viz. P the pole which is elevated above 
the horizon, and ꝓ that — reſſed below. The al- 
titude of the pole we will ſuppoſe to be 40 81, as 
it is for the City of Paris; and, in the laſt place, de- 
note 152 ſtar o or its place by S 3 take it fot 

Ce i granted 


Fig. 34: 
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granted that the reader is perfectly acquainted with 


the meaning of a ſtar's declination, right aſcen- 


ſion, longitude, latitude, &c. as well as with .all 
the principal circles of the ſphere; abundant ex- 
planations whereof may be met with 1 in a variety 


of e on that ſubject. 


PrxoBLEm I. 


299. Given the ſun's place in the ecliptic ; to „ fond | 
bis dechnation, or d france, SD, from the equator. - 


4 SOLUTION. "7 
Let, S, the ſun's place, be 189 24 of Taurus: 
then the arc ES will be 4824“; and therefore in 


the triangle SDE, right angled at D, we know 


the hypothenuſe, ES, and the angle DES 2 2* 


| ahead which gives, in. EE = 


28' 20' = the obliquity of the ecliptic; whence we 


ſhall get by the Table for right-angled n. 
Fu DS — it: ES 72 DES 


LO GARITHMIC ALL v. 
9. 873784 = log. fin. 48 24". 
9.600263 = bog. in. 23 28 300% 
1 9. 474047 = bg. fin. 17 19 49 DS. 
8 PROBLEM II. 
300. Given the ſun's declination, as alſo the fſeaſm 


of the year; to determine his place in the ecliptic. | 


SOLU-TEON: 

Let us ſuppoſe the ſun's declination to be 170 
19 49 northerly, and the ſeaſon to be the ſpring : 
then we mult find the arc, ES, of the ecliptic con- 
tained between the ſun and firſt degree of Aries. 
Now to do this, it is manifeſt that, in the right- 
angled triangle DES, we ſhall know the angle E 
with its oppoſite fide, DS; and'therefore the hy- 
pothenuſe, ES, will be obtained by the common. 

. fin. DS * R | 
fin. DES | 
L OG A. 


LOGARITHMICALLY. 
9:474047 = log. fin. DS = 17% 19, 49+ 
©.399737 = arith, comp, fm. 23% 28 300 7 
9873784 = bog. fin. ES = 48% 24 D 
 SCHOLIUM. 
301. From the preceding Problem the method 
of computing Tables for the ſun's motion in the 
ecliptic and his variations (by means of” obſerva- 
tions) will readily appear. For, the latitude of the 
place of the obſerver being accurately determined, 
and a quadrant fixed in the plane of the meridian, 
the obſervation of the ſun's meridian altitude gives 
his declination, or diſtance from the equator; 
from whence his longitude for any day is oy 
obtained, by the method above ſpecified. 


PROBLEM III. 
302. Gives the ſun's place in the ecliptic; to find 
bi right aſcenſion, or (which is the ſame) the point, 
D, of the equator which paſſes over the ph a at 
the ſame time with the ſun. | N | 


IA SOL P FO N. i 
Suppoſing ſtill the arc ES to be 48 24, it is 
required to find the arc ED. Now the Table of 


right-angled triangles gives for this caſe, lang. 
tang. ES X Ks DES | 


Db 
1. 0GARITHMICALLY.” 


10.051664 = log. tang. 405 24 00. 
9. 962480 = log. pes 230 28 30. 


1 OATH be: tang. 45 55 58“. 
9 3 M ENO I | 
-» _ Given the latitude of a place, and the <A &s 
| declination; to find his ortive or occaſive amplitude, 
or at what diſtance from the true eaſt or weſt he riſes 


of av 
| Se | . S O L,U- | 
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Gro. 


Suppoſing always the latitude to be 48 61 
and that the ſun's declination is 18 30 northerly ; 


it is manifeſt that, all we have to do is to find the 


hypothenuſe of a right-angled triangle, DOS, 
wherein the angle DOS = the complement. of the 
latitude, and the fide DS= the ſun's declination, are 
given. We ſhall therefore have by the common 
| : fn. DSX R IS 
| anilogy, /#. OS 
LOGARITHMICALLY. 
9.501476 = log. fin. DS | = 189 go' Oo. 
0.181753 = arith. com. log. fin. 41® 9 | Of: 
9,083229 = log. fn. OS = 289 49 45 
ET 
304. From this Problem it follows that, if the 
Fan's declination and amplitude be given, the la- 


titude of the place will be eaſily obtained: for, ac- 
cording to this ſuppoſition, in the right-angled 
triangle DOS, we ſhall know (beſide the right 


angle) the hypothenuſe and leg DS; wherefore we 
ſhall have; fr. DoS = 225% 
PF TR 
LOGARITHMICALLY, 
9.501476 = log. fin. DS = 18® zo? o“. 
| 0.316771 = arith. comp. log. ſin. 28? 49' 45”. 
9.818247 = log. in. 419“; whence the lat. = 48 51. 
1 Conor ARY II. 5 
305. In like manner, if we have the amplitude, 


OS, and latitude of a place, given, we ſhall eaſily 
find the ſun's declination correſponding to this 
OS x./?v. DOS , 


plage; that is, fn, DS = = 


LOGA- 


F-| 
FI. \ 


 TRIGONOMETRY. 197 
LOGA RITHMICALLY, 
9-683229 = ſogs ſin. 28® 49, 45 
818247 = log. Jin. 410 95 0. 
9. 501476 = bog. ſin. 189 30“ o“. 
PROBLEM V. 


306. Given the latitade of à place, and the ſun's 


place in the ecliptic, to find the point of the equator 
which comes to the horizon at the ſame time with the 


fun, or (which is the ſame) the oblique aſcenſion cor- 
| reſponding to the ſaid latitude and place of the fun. 


$OL-UTFON: 

Let us ſuppoſe, as in the firſt Problem, that the 
ſun's place in the ecliptic is 189 24 of Taurus: 
then (by the ſame Problem) his declination will be 
17 19 49“; conſequently, in the right-angled tri- 
angle DOS, we ſhall know the leg DS with the 

angle DOS = the complement of the latitude, in 
— er to find the leg OD. To do which, the 


general Table for right-an gled triangles gives, 
OD = _ tang DS XR | 
fn. _ tang, DOS 


LOGARITHMICALLY. 
| 9:494217 = log. tang. DS = 17 19' 49 


! 


0.058541 = aritb. . log. tang. 41% 9 * 
3 9:55 2760 eee, 
Then, if from the right aſcenſion, _— found 1 450 5 ; go 


in art. JOS. — | 
we ſubtra& the are chus f fad. + — — — 20% 55 15” 


we ſhall have for the oblique aſcenſion, EO mo 85 4” 


SCHOLIUM,. 


307. It is well known that at the equator the 
4 and nights are conſtantly equal, becauſe in the 
right ſphere the points D and G e In an 

ue ſphere, the arc DO expreſſes the quantity” 
which mult be 3 or ſubtracted from, 90% 


9 
* 
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in order to a half the length of the day at a 
place whoſe latitude is northerly, according as 
the ſun's declination is towards the north or ſouth. 


t is manifeſt that, we have paid no regard to 
the RET cauſed by refraCtion. 


PROBLEM. VI. 


EY Given the latitude, and ſun 5 "oboe in the 


5 ecliptic ; zo find the angle made by the ecliptic with the 
Borixon at the inſtant of ſun-riſe. 


| SOLUTION... 

Let the for” s place be ſtill ſuppoſed to be 180 
24 of Taurus; the latitude 489 51', and conſe- 
quently. its complement AOH or DOS 41? 9: 
then (as already found in art. 299) the arc DS will 
be 17% 19 49; whence, by making the calcula- 


tion, as in Prob. IV. fin. OS, the ortive amplitude 


vill be found = 9.655800; alſo EO (obtained 
from the fame data in the laſt Problem) =. 259 


©” 43”; and therefore, by the common analogy 


between the /ines of fides and thoſe of their oppo- 
. ſin. SEO x in. EO. 


fite angles, we ſhall get, /in. 1. ESO = RO. - 


LOGARIT HMICALLY. 
9.600263 = log. /in. SEO = 23® 28 go”. 
9.626141 = log. /3n. EO = 250 12 43 
90.344200 = arith. comp. bog. in. 

l = log. fin. ESO = prin T 32 


Ss SCHOLIUM. 


309. By calculations, nearly ſimilar to thoſe 


made in the two preceding Problems, it would be 


eaſy to find the arc IE, of the ecliptic, contained 


between the meridian and interſection of the eclip- 
tic and equator. For, having obtained the oblique 
aſcenſion, EO, the arc AE, of the equator which is 


the complement thereof, will become known; 
whence, in the right-angled. triangle TAE, the 


ſide 


. . Mag eng, = 


ci 


of the ecliptic will be given. 
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ſide AE with the angle E equal to the obliquity | 
We might like- 
wiſe find the arc of the meridian intercepted be- 
tween the equator and ecliptic; as well as the 
angle made by the ecliptic with the meridian, and 
the arc, IS, compriſed between the meridian and 
horizon. 

We ſhall now ſubjoin a . whoſe ſolution 
depends only upon a common right-angled ſphe- 
rical triangle, though Mr. Maupertuis hath for 


that end made uſe of the differential (NO 
calculation. 


Pan VII. 


310. The declination of a ſtar, and the latitude of a 
Place being given; it is required to find, 19, the mo- 


ment when this ſtar appears to aſcend or deſcend per- 


pendicularly to the horizon; 2%, the altitude of the | 
ſtar in a vertical; and 30, the angle which the ſaid ver- 


| ws makes with "the meridian. = 


$OLUTION. 


With a very little attention to the nature of the 
Problem it will appear, that the ſtar cannot poſ- 
fibly aſcend or deſcend perpendicularly to the hoe 
rizon, unleſs the parallel, which it deſcribes, can 
be ſuppoſed to have ſome vertical touching it; 
and that the ſtar will be found in the point of 
contact of the ſaid parallel and vertical; yet that 


this thing can only prevail twice in a revolution 


of 24 hours. Moreover, it is ealy to perceive, 


that no parallel can have any vertical to touch it, 


except its diſtance from the equator be greater than 
the latitude of the place; for. provided it be leſs 

than, 'and on the ſame fide of the equator with, 
the given latitude, it is very obvious that, in this 
caſe, all verticals whatever will cut it. This be- 


ing — let 287 be. a vertical touching the 


parallel 


% 
parallel GSM at the point 8, the ſuppoſed place 


of a ſtar, whoſe declination hath for its comple- 


ment the arc PS: then, on account of the point 
of contact of this vertical and parallel, it is mani- 
feſt that, the arc PS is the leaſt that can be drawn 
from the point P to the vertical ZST : conſe- 


quently, the triangle PSZ will be right-angled at 


S, and we ſhall know therein (beſide the right 
angle) the ſide PS = the complement of the ſtar's 


declination, and the fide PZ = the complement of 
the latitude: whence, if the difference between 


the right aſcenſion of the ſun and ſtar be known, 
the hour-angle ZPS will give the inſtant when this 
| ſtar appears to aſcend perpendicularly to the ho- 
rizon; whilſt the ſide ZS will give the comple- 
ment of its altitude, and the angle PZS the poſi- 
tion of the vertical required with reſpect to the 
 meridian,——lIf then L be put for the latitude of 


. 


the place; D for the declination of the ſtar ; H for 


its altitude above the horizon, when it appears to 


aſcend vertically; H for the hour- angle Z PS, and 
V for the angle made by the vertical and meri- 
dian; the formulæ for right-angled triangles will 


. cot. Dx R . 
give; cf. H == E. Vn. H = Bro 
of: Dx R 


and, fin. V = WP 7 ——The applications to 
the Logarithms will be ſufficiently eaſy without 


examples. 
3 PROBLEM VIII. | 
311. Given the latitude of a place, and the ſun's 
declination z 10 find the time of his riſing and ſetting. 
85 8 / ͤ A 
Suppoſing the declination 18“ 30 northerly, 
and the [latitude 48“ 51; it is manifeſt that, in 
the right angled triangle PSR, there will be given 
PR equal to the latitude, and PS the comple- 
. 5 ment 


n e we ot 1 


_ pp ww 9... FLY YU VV 


TE . 


CY 0 - WF ve > 
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occaſive ude would be 


the hypothenu 


riſing and the latitude. 


T RIGOGNOME TRT. coor 
ment of the declination ; and therefore for the 


| angle RPS (the thing 1 we Tall I * 


— g. ER RR 
NPS. dang, PS 


| LOGARITHMICALLY., 
10.058541 = leg. tang, PR = 48 51 BY I 
9.524520 amiib. comp. log. tang. 7 go off 4-5 

' '9:58g06x = log. cof. RPS = 67 29 ay "a 
oh No, in order to know what hour of the morn- 


E3 TH 


— 


ing this value of RPS correſponds to, we mult 


have recourſe to the annexed Table; and we fhall 
readily find, that 


f NTP Bour. © J on the day * the de- 
A RS Earn oo Sn 7 
W * Es ye, at a Jace whoſe 
For f 4, £4 4 ſeconds. Yo 195 

; x 15” re 11 fecond. latitude is 489 2 | the 


1” 4 thirds, 


ſun riſes 29 minutes 37 ſé- 
"$4 gy I third. 9 57 


"8 conds after 4 o'clock. 


ans AMIS... 
342. If the amplitude was knowninſtead of che 


- Vdc: the angle RPS would be obrained, by 
this proportion; As tbe coſine of the declination 1 to 


the fine total, ſo is the toſine of the amplitude to the 


Jine of the bour-evgle, RPS : and contrarily, if the 
time of ſun-riſe or ſun-ſet was A given, che ↄrtive 
und by fayy ing 4 
the fine tatal is to the. cor ine of the declination, ſo ij the 
fine of the hanr- angle to the coft ne of tbe anglits 
e may likewiſe perceive that, If 
declination and time of his riſing were g. 


latitude of the Þlace 1 wauld be eaſily ng ig f 155 
a 


in the right-ang led triangle SPR, we ſh 

le and ang 810 EP e ty) 13 
find the ſun's eee from the hour * 
Moreover, this ſolu- 


e {ſun's 


2 25 


tion may be applied to the riſing or ſetting. of a 


„„ . planet 


2» SPHERICAL. 


planet or ſtar, provided we know its declination. 
and right aſcenſion : for, if the ſun's right aſcen- 


ſion be found for the ſame day by means of his 
declination, the difference between it and that of 
the ſtar reduced into hours, minutes and ſeconds, 
bythe foregoing Table, will give the time that the 
ſtar riſes before, or after, the ſun : by which means 


we ſhall be able to know at what time of the year 


% 


a ſtar can be ſeen or not ſeen. We may alſo 
make uſe of this Problem in order to find the 
ſumès horizontal refraction : for, ſuppoſing the true, 
and alſo apparent, time of his riſing to be known, 


if we take their difference, and reduce it into 


parts of the equator ; then calculate the fide ZS, 


and take go? therefrom, the remainder will ſhew 
the quantity of his elevation occaſioned by re- 


fraction. 


%%% 8 


; 213. Given the latitude of a place; the fur's de- 
 elination, and bis altitude; to find the hour of the 


SOLUTION. 


Fig 33. : Let the latitude be 4861; the ſun's declina- 


tion 189 30“ northerly, and his altitude 52 35: 


then in the triangle PZS we ſhall know the three 


fides, in order to find the angle ZPS : 3 = 
be eaſily done by the formulæ (art. 166), ſin. 


12 22 LETT = On —*; wherein 5 denotes the 


ſum of the three ſides, and, 3, c, the ſides adjacent 
to the angle required, —Sce the Logarithmical 


372 


4 
13 a 0. oa. a>. ak 2 Rr 


/ 
and AO R806 © hes cot 
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o* ae. * | 
710 zo! N 
233 33753. = 4 4b. 
150” of = 759 n ; 
Yo =2z5 919 30' 

— 


. 3 = 3 Sls 
9.746247 = by. in. 33? 53, 
8.789787 = log. Jin, — — 3 32% 
0.023043 = arith. comp. log. ſin. 719 300. 

0.181753 5 arith. comp. log. ſin. 41? 9, 

18.740830 | e ee | | 

9.370415 = g. fn. 1 P =13% 34" 14" P2530 28% 


* 


the time correſponding to which is 10 hours 11 


minutes 26 ſeconds and 8 thirds of the morning, 


if the angle ZPS be to the eaſt of the meridian; 
or 48 minutes 33 ſeconds and 52 thirds after 1 in 


the afternoon, if it be to the welt. 


$CHOLETUM 
314. This Problem points out to us an eaſy 


method of finding the duration of twilight, For, 

if we conceive the ſun to be depreſſed 18“ below 
the horizon (as the crepuſcular circle is uſually 
ſuppoſed to be), the arc ZS will be 108? : then if 
we calculate (as in the preſent Problem) the hour- 
angle ZPS, and afterwards ſubtract it from 180, 


the remainder, reduced into parts of time, will 
ive the beginning of twilight, or break of day: 
If it is the end of twilight which we would find, 


the angle Z PS itſelf muſt be reduced into party 


of time.. | | f 
0 n EN ATION 6 


In the performance of this Problem, we muſt 


take care to correct the ſun's altitude hy refrac- 


tion and parallax (if material). Tables of theſe 
„ 2 =>” 60s 


£2: N 


3 
4 — 2 
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corrections may be met with in moſt Treatiſes of 


Aſtronomy. 
PROB LE M. X. 


215. Given the latitude of a place, with the 0 s 
declination and altitude; to find the angle that the 
vertical, on which. the fon 7s, makes weld the me- 
ridian. 


SOLUTION. 


From the data it is manifeſt that, in the triangle 
PAS the three ſides will be known, in order to 


fmd the angle PZS. Now this may be obtained 
by the method given in the laſt Problem; and 


— if the parts given be ſuppoſed to have 


the ſame value in this that they had in chat, the 
Logarithmical operation will ſtand thus: 


33% 53 = $5—b.. 9.74664 hog: fin; 5 . 
% 1 c. 9. 785597 = log. fine 4 —c. 


ns ne to} 17532 = arith. coniþ. log. fin. 419 9. 
815322 = arith. comp oe fi. 35% a. 


19.929975 
| 9:964987 = bog. fon 1528. 679 187 3" 
whence PZS = 134 36' 6% and e 


— 


the angle that the vertical, on which 0 ſun is, 


makes n the: meridian 45? 23˙ 54 — : 
e hs ot. SC HOLIUM. 


216. From this operation it will ts to find 


ur:cardinal points: ſince, if with. a line, re- 
preſenting the vertical on which the ſun is, an 
angle be made equal to that above found, the me- 
ridian will be obtained. Now this method, pro- 


vided we take care to corrett the ſun's. altitude by 


refraction, will be found very commodious for de- 
terminin the meridian, as the changes in declina- 
tion whic Prevail | in coxreſponding altitudes are 

| hereby 


„ .. 


wo - 


A Ae pb no nh gy0 0D 


2 
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hereby entirely avoided. It ſerves likewiſe to de- 
termine the variation of the compals. 


* 


Fi} PROBLEM XI. 


317. Given the latitude ; ſun's declination, and hour 
of the day; to find the angle that the vertical, on cs 
the yon oa wy makes with the meridian. 


rock SOLUTION. 


4 ES | 


"Heroin manifeſt ria; rele Gia whites 


PZS. the two ſides, PZ, PS, with their included 
angle, ZPS, are known. Now let us ſuppoſe the: 
dechnation to be 18? 30“, and that the ſun was 
on the vertical, whoſe poſition is required, at 11 


minutes 26 ſeconds paſt 10: then, by the Table 
given in Prob. VIII, the hour-angle correſpond- 


ing to this time Will be 24% & 30% the arc PS —_ 
be ſtill 719 30, and PZ 41* . This bein 


miſed, in order to find the angle PZS, let fall hs 


are SR perpendicularly upon the ſide PZ, from the 


vertex of the e angle S (as required in Table 
II. for the reſolution of oblique- angled ſpherical | 
triangles), and we ſhall in the firſt place get, for 
the part there called I. Fe. hes PR — - 


ZPS N:. 3 
N or, 


LOGARITHMICALLY, 
9.949332 = log. c. 27 8 go”. 


— 20.47 * log. tang. 949 30 a”, [ | 
| TEARS ws Mg tang, 69 23 37 PR. 
then the ſecond ſegment, NZ, will be 280 14” 37”; 


5 FF Ff 


and bu . 5 means of the ſame Table, we 
as: ZPS. x fim. PR 


6 27 : 1 7 — Sette Lern ber ; 


9. seis. 


— 2 onto — — 
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9.7098 15 = log. tang. ZPS = 25 8* 30". 

9.971285 log. in PR = 69* 23 37” 

0.324930 = arzth. comp. log. Fa 28® ” 11 s 
10.006036 = log. rang. PZS = 45 23' 53“ er 134 36 5% 


SCHOLIUM. 


318. This Problem may ſerve for finding the 


_ declination of any vertical plane. We may likes 


Pig. 35. 


| 4: its * fide : in the next place, we ſhall have, 


wiſe apply it in order to determine the poſition of 


an avenue or well-built ſtreet, by obſerving the 
moment when the ſun's ſhadow paſſes by — bot- 
tom of the trees or walls thereo 
if the ſun's altitude above the horizon be likewiſe 
known at the given time, the preceding calcula- 
tion will be rendered conſiderably more ſimple, and 
reduced to this analogy ; As the coſine of the ſun's 


altitude is to the fine of the hour-angle, ſo is the cofine 
of the declination to the fine of the _— made by the 


vertical and meridian. : 
PROBLEM XII. 1 


319. Given the hour of the day, with the fur's de- 
| elination and altitude; to find the latitude of the place. 


SOLUTION. 


In this Problem, it is manifeſt that, the ſide PS 
= the complement of the ſun's declination ; the 


| fide 28 = the complement of his altitude, and — 


angle P, are given, to find the ſide ZP. 


let us ſuppo ſe, as in the prong Problems, that 


the ſun's declination i is 180 30'; that his altitude 

is 52 35% and conſequently the arc ZS = 37% 

25'; as alſo that the time is 11 minutes 26 ſeconds 
10, and of courſe the angle P =27* 8' 30“: 


then, letting fall the 1 icular SR from the 


angle S, PR will, i in t place. be determined 


by the formula, in the general Table for oblique- 


angled triangles, tang. I. /eg.= cof. giv. ang. x tang. 
cop. 


Moreover, 


A ws req} 


L 19 —— "a 1 Sad KG - 


Io Rm Ro dh 69. 6, 8 a 2 8 . 5 
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from whence the value of the ſide PZ = the com- 
plement of the latitude will be „ de- 
duced. See the operation at length. 
1“. 9.949332 = log. ceſ. 27? 8 30. 
10.475480 = log. tang. 715 30 O.. 
ee . tang. 69 23 37 ER. | 


On 1 g 
eof. II. ſeg. = = coſe RZ = oof: REES e 


then, Pet ho Gn 8 280 14 


37 from the firſt = 69 2337 we ſhall ger 
419 for the complement. of the latitude; and 


OI: 482 51 for the latitude icſelf, 
PROBLEM XIII. 


x 32 20. Given the ſun's declination; his altitude, and 
the azimuth, or an gle made with the meridian 33 the 
vertical on which 2. ſun is found at the moment of 
x obſervation ; to determine the latitude of the place. 


SOLUTION. 
It is evident that, in the triangle PZS the ſides, 


PS, 28, with the angle PZS oppoſite to the fide 


PS, are given: therefore, in order to obtain the 
ſide PZ, we muſt (according to the Table for ob- 


lique angled ſpherical triangles) let fall from the 


vertex of the angle S an arc, SR, perpendicularly 


upon the unknown fide; and we ſhall get; 19, 


lang. RL = EEE, and 29, coſ. PR = 


coſ. RZ X cof. PS 


: the values whereof, ſuppoſing the 


wal be obrained Logarithmicalh , as follows : 


7 2. 


ſun's declination to be 18 300, his altitude above 
the horizon 529 351, and the angle, PZS, made 


by the vertical with the meridian 134 36 7 * 


19 


£08 -.. SPHERICAL -» 
3% 9.846448 = log. co: 134% 36, 5 

5 88367 = leg. tang. 37 126 8 

Z » 9:730120 = dog. tang. 280 4 37; & RZ. 

7 *. 9941948 . g. - - -"28* , 5f"s 


9-50 476 = Ae. f. - = > = - 282 30-0, 
©.100049 = arith. comp. log. ſin. g 20 350 8 


9.546473 = log. cof. RH = 695 23 37” 


then, ſubtracting 280 145 27 from 699 27 27h 3 
we ſhall find he fide PZ = the complement o 
the latitude to be 419 9's whence the latitude it- 
ſelf is 489 æ 11. 

Y 25 H OLIUNM 


321. From what hath been ſaid it may be readily We 
collected, that if any three of theſe ſix things, the We 
latitude, the ſun's altitude, his declination, the 
hour-angle, azimuth and angle at the ſun, be given 
at pleaſure, the other three will neceſſarily become 
known by the rules of Trigonometry : for which 
reaſon we hope to be excuſed for not particula- 
rizing ell the different Caſes that _ from Sale 
. eee - 

PROBLEM XIV. 
2. 'The longitude and latitude 4 a "oy "mw giv- 
@; . its declinatiunn. 


. SOLUTION: 


* Suppoſe the longitude of the ſtar to be 1989 27; 
and its latitude 31 2” northerly : then, it is evi- 
dent that, in the triangle-PKS, we know the ſide 
PK = to the obliquity of the ecliptic = 23® 28 
30”; the ſide KS equal to the complement of the 
latitude — 589 58", and the angle PKS = to the 
longitude of the ſtar leſs 90, in order to find the 
fide PS, the complement of thedeclination required. 
Now to do this, let fall (as the general Table for 
oblique- angled triangles requires) from one of the 

nown angles, 8, a perpendicular are, SR, e. 
the 


2 8 MS 


b 
„ 
1 
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he oppoſite ſide, PK (which will fall without the 
angle S, becauſe che angle PRS is obtuſe, and give 
the are KR for the part denoted by ſeg. 1. and PK 


c. KS X cof. PR 


+ KR or PR for ſe. II.), ſo will; 1“, fang. KR 


ES. aac en + = and 2, 60. PS or n. DS = 


8 * 


r e 

19. 9.500342 = = log. cafe PKS = iof8* 27; - 
10-220054 = log. tang. KS = 58 255 0 5 . 
9. 720990 = lag. _ KR 27 44 41”. =. 

7 . PR = 512 13 41. 

29. 9.712260 = log. ca KS. i, 


9.796804 = log. ceſ. PR. 
0.54042 = arith, * log. of. K KR. 1 
9. 509190 = = dog. fin. 3 ho 260 58.2 DS = = ec, required: 
PROBLEM XV. 


3 23. Suppoſ ing the ſame things given 45 in the pre- 


| ceding Problem; it is required to find the right aſcen- 
ion of the ſame ſtar, as alſo the angle made by a meri- 
Aian and the circle of longitude paſſing through this * 


8 OL U FIN 25 
From the data it will be no difficult matter to 
erceive, that in the triangle PRS two ſides and their 


included angle are ſtil known; and likewiſe that 


the ſtar's right aſcenſion will be determined by ſubs 
tracting the angle KPS from 270%½ Now, in or- 


der to obtain the value of this angle, together with 
that of the angle at the ſtar at the ſame time, it 


will be neceſſary to make uſe of ſome of the ana- 
logies of Neper; and thoſe that appear to conduce 


ee the e operation. 


\ 


Fig. 36. 


to this end will be found by Tab. HI. to be the | 


two following: 


1% As he fone of bude fad of the ſides, PK * 
KS, is to that of half their 3 fo is the colan- 
gent of half their included angle, PRS, to the tangent. 


of half the difference of the angles above the baſe, and 


29, as thecofine of half the ſum of theſe fides is to the 
0 0 of half their di * ho is the cotangent of balf 
8 5 (heir 


. 


% SPHERICAL 
their included angle to the tangent of half the ſum 0 
the angles abeve the baſe. Here x" Ba ie 2 
garithmical operation: | 


> 


$8687 07. = KS. $3” 587 of. 
. 237 28 30 
827 20 30. KS + PE 35% 29" 7 KS—PK 
5 be I £9 A ne was 


1089 27 0” '= PKS. | 
54 13.30% == » Whoſe. comp. = 35? 46' 30”. 
9.484008 log. /in. 1754445 9.978827 leg. cg. 1744.45 
9.8576 leg. tang. 35 46300. 9.857% log. tan. 35 40300. 
o. 181139 ＋. c. I. fin. 41 13 15 o. 12268 2g. c. l. cg. 41315 
9.5 22817 leg. tang. 1825 56“. yeYy00179= lag. tan. 42 22 3609: 
then, as half the ſum of the angles at P and S is 
420 22 36“, and half their difference 18® 25* 56”, 
the angle KPS will be 60“ 48“ 32, and of courſe 
the ſtar's right aſcenſion 2099 11 28”; and the 

angle at the ſtar 23 66 400. 
))ͤã ãĩðͤ ²˙»ô 
324. The right aſcenſions and declinations of 
the ſtars, as likewiſe their longitudes and latitudes, 
are of exceeding great and frequent uſe in Aftro- 
nomy. By their means the reſpective poſitions and 
ſituations of the ſtars are aſcertained and deter- 
mined, and from thence ſuch catalogues thereof 
formed and deduced, as are neceſſary for comparing 
the motions of the Planets, as well as of the Comets 
that may at different times be obſerved to appear. 
However, the preference is uſually given to the 
longitudes and latitudes ; becauſe, it hath been for 
a long time believed that theſe elements undergo 
no change, particularly, if care be taken to reckon 
the longitudes from ſome fixed ſtar ; whilſt the pre- 
ceſſion of the equinoxes occaſions a conſiderable 
change in the right aſcenſions and declinations, 
-Bur abating all conſiderations of this nature, it 1s 
_ eaſy to perceive that, the ſeveral elements of the 
4 heory of the ſtars may be deduced from _ an- 
N + other, 
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other, by a very great variety of combinations ; to 
particularize which in this place would be foreign 
to our deſign. The right aſcenſions and declina- 
tions of the ſtars may be uſed, as well as thoſe of 
the ſun, to determine the latitudes of places on the 
earth: from thence their ortive or occaſive ampli- 
| tudes may be deduced, and of conſequence thoſe 
of ſuch ſtars as may have the ſame poſitions in the 
- ſphere: from thence it may be found, what ſtars 
never ſet in a given latitude ; likewiſe, by their 
means it may be known, how long a ſtar tranſits 
the meridian before, or after, the ſun ; and of con- 
ſequence when the heliacal riſing or ſetting of a 
ſtar commences, that is, at what time of the year 
the ſun's rays render it viſible or inviſible, The 
moſt ſimple methods, that have been adopted for 
determining the poſitions of the ſtars, conſiſt in 
obſerving their meridian altitudes and the inſtant 
of their tranſiting the meridian, as by that means 
their right aſcenſions and declinattons are immedi- 
ately obtained; and from thence their longitudes 
and latitudes, by the converſe of the two Problems 
laſt ſolved. 1 | | 
| PROBLEM XVI. | 
325. Given the ſun's place in the ecliptic ; the hour 
ef the day or night, and the latitude of the place; alſo 
 thealtitude of a ſtar, and the angle which the vertical, on 
vhich it is obſerved, makes with the meridian ; to deter- 
mine the declination of this ſtar, and its right aſcenſion.” 
55 SOLO C 
Let us ſuppoſe the ſun's place to be 1824 of 
Taurus; the time 20 minutes paſt ꝗ in the evening, 
and the latitude of the place 4861“; alſo the al- 
titude of the ſtar, in the vertical circle on which 
it is obſerved, to be 43 16, and the azimuth 47 
24 from the ſouth : then, it is manifeſt that, in 


the triangle PZS, we ſhall know the two ſides, Fig. 33. 


PZ, ZS, with their included angle, to find the arc 
EE i: Ez 5 DS 


a + SPHERICAL:: 


DS which. repreſents the declination of the ſtar, 


and the diſtance of the point D from the firſt point 


of Aries. Now, to obtain the declination (which 


will be done by means of the ſide PS), let fall 
from the vertex of the angle S a perpendicular 
arc, SR, upon the ſide PZ, and the Table for 
oblique-angled triangles will give theſe two for- 


mulz ; 1%, tang. RZ. = coſ. PLS X tang. 28, and 


| | ee coſe PR.— 
2% c. PS or fin. DS = 2 l 2 : whoſe va- 


lues will be found Logerithmically, as follows: 


9-330509= leg. oof. PZS. J. 83580 Sg. oof. ZS. 
10.026546 g. tang. ZS. 9.593900 = leg. co/. PR. ö 
857055 log. tang. NZ = 35 44 211 0.090598 = ar. comp. log. cop. RZ. 
| . 9.5 20305 og iu. 19 2105 r 8. 


The ftar's declination being thus diſcovered to 


be equal 199 21 5”, the next thing to be done is 


to find its right aſcenſion. In order to which, we 


mult in.the firſt place determine the hour-angle 


ZPS by the common analogy between the ines of 


ſides and thoſe of their oppolite angles, which 


t 771. 8 u. Z8 a 
gives, Au. EPS = EEE - = fin. 340 37 : 


437, as the ſubſequent operation will evince ; 
9.866935 = leg. fin. PLS = 133" 20-0 
9892 353 = hoes fn. Z$---© 28: 46% 46-- oc. 
0.025257 = arith, comp. log. /in. 209 435" 5 "3 


9.754545 = log. fin. LYS = 34 37 43" A 


then adding this angle, the ſun's diſtance from the 


meridian = 140“ (found by reducing the given 
time ꝗ hours 20 minutes into parts of the equator), 
and his right aſcenſion = 45? 55 58 (art. 302), 
into one ſum, we ſhall get 220 33“ 41” for the 
ſai*s right aſcenſion ſought. 
the time of the ſtar's paſſing over the meridian, we 


need only reguce 249 37! 47” into parts of time, 
add the reſult, 2 hours 18 minutes 31 ſeconds, to 
hours 20 minutes, and we ſhall find 11 hours 38 mi- 
nutes 31 ſeconds inthe evening for the time required. 
E | „ PRG 


82 


If we would know 
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PROBLEM XVII. 
326. The right aſcenſions and declinations .of 10 


fixed ſtars, obſerved on the ſame vertical given in poi 
tion, together with their diſtance or the arc of this ver- 
tical contained between them, being known; it is required 
to determine the latitude of the place of ee 


80 LUT TON -?; 
From the PP it will manifeſtly. appear, that the 


ae ſides of the triangle PSs are given, as well as Fig. 370 


the angle at P; ſince the arcs, PS, S, are the com- 
plements of the declinations of the two ſtars (known 
by the hypotheſis); Ss their diſtance on the ver- 
tical given in poſition, and the angle SPs the mea- 
ſure of the difference of their right aſcenſions: 
wherefore, we ſhall have, in. Ss: fin. SPs : : /in. P 


: fin. PS Z E ee. By this means two 


angles, and a ſide oppoſite to one of them, will be 
: actually known in the triangle PZS, viz. the azi- 
muth or angle PZ S; the angle PSZ, and the ade 
Ps: whence we ſhall have, iin. PZS : fin. PSL : 
fin. PS : fin. PZ, or, by ſubſtituting for in. PSZ : 
its preceding value and taking away the fraction, 
An. PI x fin.Ss : fin. sPx_/in.SPs : : .in. PS: n. PL. 
Now, in order to apply this ſolution to a particu- 
lar example, ſuppoſe the diſtance Ss to be 28 60 
the right aſcenſion of S=789 24, and its declina- 
tion 27 29“ the right aſcenſiom of 5=104® 52”, 
and its declination 120 1803 and laſtly the azi- 
muth AYK=73 2930”: then will the angle SPs be 
_ 28; = arc PS=629 35, and the arc Ps 
| 42. This being premiſed, the value of PZ 
| will | e eaſily obtained, I ogarithmicolh, as follows: 


9.9 8257 = log. fin. = = - = =- 62? 387 % PS. 

9.989916 = g. fin. —- - - - 770 42 0 P. 
n Se Se 265 ey S 
o. 1 8039 = ariib. comp. 76-55. 73236! of . 8. x5" 35-5 
0.321337 = arith. comp. log. fin. 28” 30 O Sl. | 


| 9.92068 I. = = = = - $79 36' 42” = comp. of lar. 
— ' 0 


n9  .SPHERICAL 
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327. It is very evident, that the hour-angle ZPS 
may be alſo found; and therefore, if the ſun's place 
and his right aſcenſion be known, the difference. 
between it and that of the ſtar, S, will become 
known: then, if from this difference the arc AD 
be taken, the remainder will give the arc of the 


equator contained betwixt the meridian of the 


place, and that paſſing through the ſun; from 
whence the moment of obſervation will be eaſily 
deduced. It is no leſs evident, that we may 
likewiſe find, by purſuing the calculation, the alti- 

tude of each of the ſtars at the inſtant of obſervation. 


CorRolLLaRy II. 


228. If, inſtead of the azimuth of the two ſtars, 


the altitude of one of. them was given, it will be 
readily perceived that; by a calculation nearly fimi- 
lar, the elevation of the pole might be obtained: 
for we ſhould ſtill know the three ſides of the tri- 
anole PSs with the angle P, and thence the angle 


PSZ contained between the given fides, PS, ZS, 


of the triangle, PSZ. | 
Corottaky HE, 


2329. If, befides the declinations and right aſcen- 
| fions of the ſtars obſerved on the ſame vertical, the 


hour-angle ZPS was given, we ſhould again be 
able to obtain the latitude of the place; ſince, in 


the triangle PSZ, we ſhould then have the angles, 


ZPS, ZSP, above the fide SP, known by ſuppo- 
ſition. 1 5 

e CoROLLARY IV. 

330. Laſtly, if the diſtance and declinations of 
the ſtars, together with the altitude of one of them, 
were given, every thing beſides might be found as 
in the Problem itſelf. And hence we may per- 
ceive, . how uſeful a thing it is to be furniſhed with 
accurate Tables of the declinations, right _ 

we Na nn "> 07 NES ® 5 4 ons, 


r . *Þ 
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ſions, diſtances, longitudes and latitudes, of the 


ſtars, as from thence the latitudes of places may 


be found with the greateſt imaginable facility; 
nay, even without the neceſſity of uling any large 


inſtruments, a plumb line being ſufficient for ob- 
ſerving whether two ſtars be ſituate on the ſame” 
vertical or not, | 
TN 'PronLam XVII. | ; 
- 231. Given the longitudes and latitudes of two places 


upon the terreſtrial globe; to find their itinerary diſtance, 


or (which is the lame) he arc N the great cirdle con- 


tained between- them. 


SOLU T 1 G 
Let the points, S, s, denote the propoſed places: 2 


weh, it is manifeſt that, in the triangle SPs we ſhall _ 
know the two ſides, SP, P, the complements of F. 274 


their latitudes, together with the angle PS the 


difference of their longitudes; whence the fide Ss 


will be found by the third caſe of the Table for 
oblique-angled ſpherical triangles; after which we 
need only reduce the reſulting number of degrees, 
minutes and ſeconds, into leagues, by reckoning 28 
to a on ng. and the thing required will be effected. 


PROBLEM XIX. | 
332. Given the latitudes and diſtance of two cities; 


to find their difference in longitude. 


„ ee 0 . 
The firſt ching to be done, in this Problem, is 
to reduce the given diſtance into degrees, minutes 
and ſeconds, of a great circle : then we ſhall have 


a ſpherical triangle, S Ps, whereof the three ſides 


will be known; from whence the angle P will be 

eaſily found, which is the meaſure of the difference 
in longirude ſlought.--- -.... 

"COROLLARY. : 55 

333. EW) oth if the poſition of one of the two 


8 Cities be determined, that a the other will be de-. 


termined 
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viouſly ſaid. 
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termined likewiſe ; and with ſo much the oreater 


| exactneſs, 28 the given diſtance ſhall be meaſured 
or given with the greater precifion. And contra- 


tily, if the difference of the longitudes and the 
diſtance of two Cities be given, together with the 
latitude of one of them, the latitude of the other 
City will be alſo had: but we ſeldom make uſe of 
this method, becauſe there is an infinite variety of 


better methods for finding the latitude, as we may 


be readily convinced from what hath been pre- 


oy 


3 34. The preceding Problems, containing nearly 


all the caſes of right or oblique-angled ſpherical 


triangles, are ſufficient for pointing out the man- 


ner of obtaining the Numerical ſolutions of the dif- 


- 


folving the ſeveral trigonometrical caſes,” that may 
chance to occur in th 


. £ 
* 3 


PVT at the ac 5 


—— * 2 — —— 
—— - 


US ee, . 2 Gd! 5 


7 


-- 4 I 


” 9 Wi 1 


FU ga. / 


a 


